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Tém tit. Trong bai bao nay toi s& ban vé phuong phép sé dé giai phuong trinh nhiét véi diéu kién ban
dau va diéu kién bién Dirichlet. Xép xi ctia cac dao ham bang phuong phap sai phan hitu han giir vai tro
quan trong trong phuong phap so trong linh vyc phuong trinh dao ham riéng, déc biét cac bai toan bién.
Viéc nghién ctru tinh nhit quan va tinh 6 on dinh ciia nghiém xap xi la can thiét. Vi c¢6 cac tinh chit nay,
nghiém xap xi mdi dam bao hdi tu vé nghiém chinh xac. Vi du ) cling s& duoc thuc hién dé minh hoa
cho céc két qua 1y thuyét.

Tir khéa. Phuong trinh nhiét, phuong phap sai phan hitu han, tinh viing, tinh 6n dinh.

CONSISTENCY, STABILITY AND CONVERGENCE OF FINITE
DIFFERENCE SCHEMES ON THE HEAT EQUATION

Abstract. This paper deal with a numerical method for the solution of the heat equation together with
initial condition and Dirichlet boundary conditions. The approximation of derivatives by finite differences
plays a central role in finite difference methods for the numerical solution of differential equations,
especially boundary value problems. The consistency and the stability of the schemes are described.
Futhermore, numerical simulations are performed to illustrate the accuracy and stability of the regularized
solution.

Keywords. Heat equation, finite difference method, consistency, stability.

1 GIOI THIEU

Trong thyc té, nhidu van dé trong vat 1y nhu phwong trinh truyén nhiét, phuong trinh séng, phuong trinh
Poisson va phuong trinh Laplace dugc mo hinh héa bang cac phuong trinh dao ham riéng. Mot sO phuong
trinh dao ham riéng nay c6 nghiém chinh xac trong nhimg mién déac biét. Nhung ndi chung viéc xac dinh
nghiém chinh xac cta cac phuong trinh dao ham riéng trén mlen bét ky gap nhicu khé khan. Do d6, viéc
nghién ciru phuong phép tinh sé dé tim nghiém gan dtng 1a rt quan trong.

Phuong phap sai phan hitu han la mdt trong nhirng phuong phap dung dé tim nghiém xap Xi cua
phuong trinh vi phén. Bing viéc phan hoach mién xac dinh thanh hitu han cac ludi nho. Nghiém xap xi
dugc tinh tai cac diém ludi cia mién xéac dinh [1].

Bai viét nay lién quan dén phuong phap sai phan hitu han cho phuong trinh nhiét trong thanh vat liéu
c6 chiéu dai L, phuong trinh c6 dang nhu sau

u =, +f(xt), (xt)e(,L)x(0,T], (1)
véi diéu kién ban dau
u(x,0)= g(x), xe[0,L], 2
va diéu kién bién Dirichlet
u(0,t)=h(t), te[0,T], (3)
u(L,t)=k(t), te[0,T], @)

trong d6 ham chura biét u(x,t) 14 gia tri nhiét d¢ tai vi tri ¢ thoi diém ¢, u,(x,t)va u_(x,t)tuwong ing la

dao ham riéng cAp mot va cap hai ciia ham wu(x, ) theo bién thoi gian ¢ va khong gian x . Hang s6 ¢ 1a
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d6 dan nhiét cua vat lidu. Him s6 g(x) 1a phan b nhiét do tai thoi diém ban dau. T 1a thoi diém cubi.
Céac ham sb theo bién thoi gian hi(t) va k(f) mo ta dong nhiét tai hai bién. O day toi gia dinh la vat licu
ddng nhat va bé mat cua thanh dugc cach nhiét dé nhiét chi truyén theo hudng x. Gia sir thém 1a bai toan
trén 1a chinh va c6 nghiém duy nhat u(x,t).

2 PHUONG PHAP SAI PHAN HUU HAN

Dau tién, ta tién hanh rdi rac hoa mién lién tuc [0,L]x[0,T] thanh mot tap N x N, diém ludi. O day toi

st dung céc diem chia cach déu nhau, nghia 1a ta chia mién cta x thanh tap cac diém cach déu nhau

x,=iA_, A =L, i=0,...,N_, (5)
NX
tuong tu, doi véi mién cua ¢ dugc chia nhu sau
) T .
t]:zA]., Ai:ﬁ’ j=0,...,N,. (6)

Ta ky hiu u] 1a gi tri cta u(x,t) tai diém Iu6i (x,,t,). Ta xap xi dao ham riéng u,(x,,t,) cia phuong

trinh (1) nhu sau

J+1_u1
u(x,t)=———, j=0,...,N, -1, 7
‘ ((xt)) A ] ; (7
trong d6 chi ¥, tir didu kién ban dau (2) ta co
u(x,,0)=u) =g(x,), i=0,...,N.. (8)
Tuong tu, d6i v6i dao ham riéng cap hai u, (x},t.) ta c6 xdp xi nhu sau
_2 ]+ j
u_(x,, t)—# i=1,..,N.-1, j=0,.,N, -1, )
Ax
va theo dicu kién Dirichlet, ta c6
u(0,t)=uy =h(t), j=0,...,N, -1, (10)
va
u(L,tj)zuf\,xzk(tj), j=0,...,N, -1 11
Vay ta c6 cong thirc x4p xi cho (1) nhu sau
u' —ul 3 ul  —2ul +ul il
AT A , i=1..,N,-1, j=0,..,N,-1 (12)

=h(t), wuy =kt), wu =g(x)
trong d6 f/ = f(x,,t,). Chi tiét, voi j=0,...,N, —1 taco

) Wt —y Zu] +u]
i=1, ! ! :y + £,
At A%x
. Wt —ul 2u’ +u’
l=2, 2 At 2 =/1 A .fZ P
x (13)
u“l —ul w, o =2ul, o +ul
i=N -1 R NN Lo
* At a A%x )

Do diéu kién bién, u) = h(t,) va ul, =k(t,), hé phuong trinh (13) duoc viét lai nhu sau
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w™ —u! —2u! +ul 7
i=1, 1 1 _ 177 g0
At Azx h
w™ —ul —2u) +u
i= 2/ 2 2= /u fZ 4
At Ax (14
j+1 j j j
. uzj\/ 1_uN -1 Uy 72_2u ,u
1= N — 1, x = a + k t
. At a A’x fi+ ()
Sép xép lai cac s hang trong hé phuong trinh (14) ta dugc hé tuong du’orng nhu sau
. 1 AL
i=1, ' —u A ( “2ul +ul)+ f/At+ th(tj)’
_ g L HAE o
i=2, u) —ué—A—zx(u{—Zué+u§)+f2’At, (15)
. + t
i=N_-1, ufl —u’N o ZA (u , —2u, 1)+fN 1At+’uA k(t)).
2 iy s < HAE . g
bé don gian trong trinh bay, ta dat r = Ny H¢ phuong trinh (15) duogc viét lai nhu sau
‘ o M
i=1, ul"” —ul ==2rul +ru) + f; e h(t,),
i=2, W —ul =rul = 2rul + rul + fJAt,
. j+1 j j j j j
i=3, u” —ul = rub —2rul +rul + f]At, (16)
=N_-2, uf"l - u’N L o=rul =2, frul fI{fx—lAt’
, . . : » A
i=N_-1, u] ! —u]N 4= ru’Nx_z —2ruf\,x_1 +fA],X_1At + A tk(t ).
Vay, ta c6 duge u/"',i=1---N -1 dugc tinh nhu sau
i=1, ul™ = (=27 +1)u +rul
i=2, w) ™t =rul +(=2r + 1)u) + m;‘ - f;’At,
i=3, ué” = rué +(2r+ 1)u§ + rui + fzfAt,
17)
=N, =2, uj,=rul ,+(2r+Dul, +rul + fi AL
j+1 i i j ,LlAt
i=N_-1, ”]N;l = ruj\,k L (2r+ 1)u{\,f1 + flf,fl e k(t].).

bat cac ma tran
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. LAL .
fI]At-i-A—le’l(t]) M{
fszt ug
F = , u = , trongdd F,u/ e R™"xRR'.
fl LAt ui,ﬁz
L A ),
fIZI}—lAt +Ek(t]) N,-1
va ma tran
2r+1 r 0 0 0 0
r 2r+1 1 0 0 0
Ao 0 r =2r+1 r 0 0 ACRMT RN
0 0 0 0 0
0 0 0 r 2r+1 r
0 0 0 0 r -2r+1

H¢ phuong trinh (15) tuong duong véi phuong trinh ma tran nhu sau
u"'=Au +F, j=0,...,N, -1
Sau khi giai hé trén ta dwoc u/"',i=1---N—1. Gi4 tri bién /"' = (t,,,) va ul' = k(t,,,) -
3 HOITU CUA PHUONG PHAP
B6 dé 1. Cho ma tran vuéng A € R” x R" ¢6 dang 3 dudng chéo nhu sau

b ¢ 0 - -0
a b c 0 -0
A= -1, ab,ceR.
0 - 0 abc
0O - -0 ab

Tri riéng va vector riéng cia A tuong ung nhu sau

) a
1.:b+2\/;cos”—], v = (E
! n+1 "/

1/2 .
a . n-7j
—| sin
c n+1

Chirng minh. Xem [2, 3].

(13)

(19)

(20)

Pinh nghia 2 (Chuin ciia sai s6). Voi moi diém trén ludi (xl.,t].) €(0,1)x(0,T), goi uf 1a gi tri x4p xi

cta nghiém chinh xac u(xl.,tj) . Sai s6
Err(t;) = (u) —u(xy, ), 1 —u(x,, 1), iy, —u(xy 1))

i) C6 dinh thoi gian t, chuén ciia sai s6 theo khong gian
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NX
I Err(t )17, = "Ax(u] —u(x,,t;))*
i=1

ii) Chuén cua sai so theo khong gian va thoi gian
N[ N‘(

I Err() 1%, =" AtAx(u] —u(x,,t,))*

j=1i=1
3.1 Tinh virng
Nhin chung tai cac diém ludi (xl.,t].) , nghiém chinh xac khong thoa cong thic rdi rac (12), sai s6 s& co

dang nhu sau

Xt )— 2u(xl,t )+u(x, ,,t —f( @1
At A%x vt

Pinh 1y 2. Xdp xi theo céng thirc (12) 6 tinh viing, nghia la gij sé hoituvé 0khi Axva At tién dén 0.

u(x;, b)) —u(x,t) u(x
= —H

Chirng minh. Khai trién chudi Taylor ciia ham u(x, ) theo bién ¢ tai diém t;, tadugc

u(x,, t) =u(x,, t.)+u,(x,, )t —t)+ ( )(t t)
suy ra
uﬂ(xi,tj) )
T .)+T(tj+1_t]-) + e

u,(x,,t) )
:u(xi,t].)+ut(xi,tj)At+T](At) oo,

u(x, b)) =u(x, t)+u,(x,, £)(

vay, ta rut ra dugc

u(x,,t. )—u(x.,t.) u (x,t.)
77+l i’ NI 2
A —ur(xi,t].)+—2 At +O((At)7) (22)

Tuong tu, khai trién chudi Taylor cia ham u(x,t) theo bién x tai diém x,;, tadugc

uxx(xi,t].)
2

(X—Xl. )2

u(x, b)) =u(x, ;) +u (x,,t)(x—x,)+

xxx( r’t )
+—
6

uxxxx(xi’tj)

x—x ) -
Y (x—x;)

(x—x) +

v6i x =x,, ,, taduoc

X;)+ ’

u,(x;,t)
2

u( M,t )= u(xl,t )+tu, (xl,t )(x, (x,,—x;)

i1

u. (x,t.)
X —x 3+ xxxx N1l
( i+1 1) 12
uxx(xl.,t].)
2

+uxxx( i’ )(A) xxxx( i’ )(A)

uxxx (xi’tj)
4

6 (xi+1 _xi)4"'

(23)

=u(x,, b)) +u (x,E)A, + (A,)?

vavei x=x, |, ta dugc
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un(xi,t].) )
u(x, g, t)=ulx, b))+ u (x,6)(x, —x;)+ T(XH -x;)
u. (x,t. u_ (x.,t
+ xxx(t ])(xi_l—xi)S‘l‘ xxxx(z ])(xi_l_xi)4“'
6 12 (24)
u_(x,t) 5
=u(x,,t)—u (x,t)A +——"(A)
] 2 ] 2
u_ (x.,t) u_ (x.,t)
XN A 3+ xxxx NP7 A 4”.,
— (4,) —o1 (A,)
Tu (23) va (24) ta duoc
u(x, b)) = 2u(x,, b)) +u(x, ,t) u_ (x,t)
s : . =u_(x,,t)+—T(A ) - 25
AZx XX(I ]) 12 ( x) ( )
Tu (21), (22) va (25) ta suy ra dugc

(x,.1)

. u (x.,t.)
_ 3 xxxx NP7
gl =u(x;,t,)+ —_—

At+--~—,u{uxx(xi,tj)+u B (Ax)2+“'J_f(xwt,-)

:u”(Xi,tj)At-f—--- quxxxx(xi’tj)
=0(At+(A,)%),
trong d0, ta sir dung gia thiét phwong trinh u =puu_+f (x,t) . Ta thiy rang gij s& hoi tu vé 0khi Ax va

At tién dén 0. Do d6, x4p xi cua ta co tinh chat viing.

3.2 Tinh 6n dinh

Dé thuén tién, ta dat r = % Theo bd dé 1, ma trin (18) co tri riéng va vector ri€ng tuong trng nhu sau
b
1-7j
sin—"1
n+1
7j sinz.ﬂj
/1,=—27+2rcos—], v, = n+1| j=1...,N.
/ n+l" ’/
sin =)
n+1
Do @0, ta cé
7(N_-1
Ain =An 1 :1—2r+2rcos(T)

X

Ao = =1—2r+2rcosi

mq
X

Néu 7/ N_<1,tacoduoc

2
A =2y =1- 41+ r(Nij ,

2
)i’max :ﬂ'l :1_r(NiJ 4
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Dicu kién hoi tu cho 4_, dan dén

v6i diéu hién nay, (19) s&

4 VIDUSO

x 1t

on dinh.

valuo ul=z, 4)

— Exact solulion
o e o Dhsrpebs solution

Ny= 32

m— Exnit salutam
= = == Discrete saludion

2
2
4_[7?]
NX

vadue ulr,4)

4

N | =

£ iyt N, =14

Exnct solution
= e [hisrrete paligion | ]

= 3 =
5 H
0 ]
2 E
€2 E

-4

- i i i

0 02 4 LG e |
x T
. Ny =128 Ervors
i «10 ! : m[ T
| e Excaert anbativm —il l:

4 |= = = Discrrie solution I = e
= 121 e 11} o K
£ e
2 =] - e
= W —
_E. T ljl i J_/_ﬁ_,—r—’_fﬁf 2]

=L e

Bl—=
4 L " i L
1 {1 E] 4 i iR 1 ] 5 4 5

I.:{ml'hfmhl'nilrr:l

Hinh 1. Nghiém xép xi hoi tu vé nghiém chinh xac.

111

(26)

Phén nay, t6i s& xét 2 vi du cho hai trudng hop: dau tién 1a 7 thoa didu kién (26), va truong hop r khong

thoa diéu kién (26) dé ta khao sat tinh 6n dinh ctia nghiém.

Vi du 1. Ta xét phuong trinh dao ham riéng

voi diéu kién ban dau

u, = pu

xx/

(x,t)€(0,1)x(0,T),

0<T,

u(x,0)=sin(rx), xe<(0,1),
va cho biét thém, bai toan c6 bién Dirichlet

u(0,£)=u(1,t) =0,

te(0,7).

1 2 . .
Cho trudc u = Te’ de dang kiém tra dugc bai toan nay c6 nghi€m chinh xac
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15
u(x,t)y=e ! sin(27x)

Muc tiéu bai todn & ddy, ta tim gid tri xap xi cho u(x,t), u/ = u(x,,t;) .
Trwong hop 1. Chon Af sao cho (26) dugc thda, nghia la
1 At
=— <
16 A’x 2

Ta c6 két qua so sanh nghiém chinh xac va nghiém xap xi tai =4 va ta chon At =4A’x . Tai t =4, tdiso
sanh gia tri cuia nghiém chinh xéc u(x) := u(x,4) véi nghiém xap xi. Khi N . cang 16n thi nghiém Xap xi
cang gan v6i nghiém chinh xac xem (Hinh 1).

Truong hop 2. Chon At sao cho diéu kién (26) bi vi pham, nghia 1a

1 At 1
>

T16A% 2
Ta c6 két qua so sanh nghiém chinh xac va nghi¢ém Xép Xi tai #=4vata chon At =16A%x. Khi diéu kién
(26) bi vi pham, nghiém xap xi khong hoi tu vé nghiém chinh xac. Diéu nay phan anh ding két qua ly
thuyét da trinh bay, xem (Hinh 2).

e 1P N =16
¢ ! . m ki .. 1
Exact soluting Exact wolation
= [Hserete solathon s = [ierate salisthon
1 ; i i e
~ - T T 4 T " -
5 £ LT 7 P g
-\L_f- t'_ f [ | 1 i
s 30 i T I :
5 | ; PATEFIEFIR B B W [, L
.E L'.H Ll Yy Vi i1 il I.I
5 4 1, = vl 1 u
i ! i v
gL i ; o
o 02 04 (LG 0.8 1
i T
. w1018 N, =32
. Bt auludion
1. III Triscrete salathon |
L S |
= " "II |f L III i ': h : 'II i
! ,-,I:l'ln'll.'llllllll'
=0 i L 1 I
& L LB U, III |||||| R
E LRI I RIRT el v
E |r | I: Iy I| ke |I 4 i
¥ |ll oo o II. " i
o F Y oe g
£ s : {0
1K ; .
] k2 04 (i (IR} 1
Hi
Hinh 2. Nghiém xap xi khong hoi tu vé nghiém chinh xac.
5 KET LUAN

Trong bai nay t6i da trinh bay phuong phap sé dé giai phuong trinh nhiét bang phuong phap sai phan hiru
han. Bé dam bao phuong phap hoi tu, t61 khao sat tinh viing va tinh 6 6n dinh bang phén tich phd ctia ma
tran. Két qua bai bao chi ra ‘rang phuong phap sai phan hiru han trong truong hop nay c6 tinh virng va tinh
6n dinh chi diing v6i mot s cach chon 7. Vi du s6 ciing duoc thiét 1ap dé minh hoa két qua 1y thuyét.
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