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Tém tat. Phuong trinh dao ham riéng da dugc ng dung rong rai trong cac linh vuc khac nhau cua doi
song nhu vat 1y, héa hoc, kinh té, xtr Iy anh vv. Trong bai bio nay chiing téi trinh by mot phuong phap
giai phuong trinh dao ham riéng (partial differential equation - PDE) thoa diéu kién bién Dirichlete sir
dung mang neural truyén thang mét 16p an (single-hidden layer feedfordward neural networks - SLFN)
goi 1a phurong phap mang neural (neural network method — NNM). Céc tham s ctia mang neural dugc
xac dinh dya trén thuat toan huan luyén mang lan truyén nguoc (backpropagation - BP). Két qua nghiém
PDE thu dugc bing phuong phap NNM chinh x4c hon so v6i nghiém PDE giai bang phwong phép sai
phén hiru han.

Tir kho4. Phuong trinh dao ham riéng, Mang neural truyén thiang 1 16p 4n, Thuét toan lan truyén ngugc.

SOLVING PARTIAL DIFFERENTIAL EQUATIONS USING
ARTICIFICAL NEURAL NETWORKS

Abstract. Partial differential equations have been widely applied in various fields of human knowledge,
such as physics, chemistry, economics, image processing, etc. In this paper, we presented a method for
solving the problem of partial differential equations (PDEs) with Dirichlet boundary conditions (This
method) using single-hidden layer feedforward neural network (SLFN) called neural network method
(NNM). The parameters of SLFNs are determined by training the neural network with backpropagation.
The results show that NNM can obtain accuracy higher finite difference method.

Keywords. Partial differential equations, Single hidden layer feedforward neural network - SLFN,
Backpropagation

1 GIOI THIEU
Trong thyc té cac hién tuong khoa hoc va ki thuat d':m dén cac bai toan giai phuong trinh dao ham rieng
(partial differential equation-PDE). PDE thuong xudt hién trong cac bai toan mg dung trong thuc té nhu
vat 1y, k¥ thuat, sinh hoc, kinh té, xtr Iy anh v.v. [1, 2]. Vi vdy viéc tim nghiém ctia PDE 1a mot yéu cau
quan trong trong khoa hoc ciing nhu thyc tién. Trong mdt so truong hop don gian, nghiém c6 thé tim
dugc nho vao nghiém tuong minh cia bai toan dudi dang cac cong thirc so cap, cac tich phén hay cac
chudi ham. Tuy nhién dai da s6 cac bai toan trong thyuc té 1a cac bai toan phi tuyén, cac bai toan c6 mién
tinh toan phurc tap thi nghiém tuong minh ciia bai toan khong tim duoc hodc qua phtc tap dé tim ching.
Trong nhirng trudng hop d6 viée tim nghiém cia PDE phai dwa vao phuong phéap giai gin dung. Cac
phuong phap s6 tim nghiém gan ding thong thuong giai PDE nhu phwong phap phan tir hitu han (finite
element method - FEM), phuong phap sai phén hitu han (ﬁmte difference method - FDM). Phuong phap
s6 nay co thé xac dinh nghiém gin dung bang cach thay mién xac dinh lién tuc bang mot sé hitu han cac
diém goi 1a cac niit ludi cua ludi sai phan va tinh toan nghiém PDE tai cac nit ludi nay [3, 4]. Nhu vay de
xac dinh nghiém gan dung cua PDE tai mot diém bat ky trong mién x4c dinh bang cac phuong phap sd
trén doi hoi phai chia luéi mién tinh toan chira nat lugi can tinh va tinh gia tri tai cac nat ludi cta ludi sai
phan vira chia dya vao cac diéu kién bién va diéu kién ban dau cho trudc cia PDE.

bé khic phuc viéc giai PDE béng chia luéi mién tinh toan néu trén, mot cach tiép can dé tim nghiém
gan dung cua PDE duéi dang mot ham 1a sir dung mang neural (artificial neural network - ANN). ANN i
cong cu tim nghiém PDE thich hgp nhét dya vao viéc diéu chinh tham s clia mang béng cach tang cuong
viéc huan luyén mang [5] . Uu dlem sir dung ANN dé xac dinh nghiém PDE khong can phai tinh toan lai
gia tri tai cac nut ludi trong mién xac dinh dya trén cac diém chia trén ludi sai phan da tinh toan trude do
[6]. Ngoai ra ANN c6 thé xdp xi mot ham bat ky néu ham truyén duoc chon mét cach thich hop [7].
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Trong bai bao nay ching t6i trinh bay mang neural truyén thang mot 16p an sir dung thuat toan hudn
luyén lan truyén nguoc dé xac dinh nghiém phuong trinh dao ham riéng véi diéu kién bién Dirichlet.
Nghiém NNM cua PDE thu dugc so sanh v6i nghiém cua né giai bang FDM.

Bo cuc bai bao dugc t6 chire nhu sau: Muc 2 trinh bay phuong phap sai phan hiru han. Mang neural
truyen thang mot lop a an dé giai PDE duoc md ta trong Muc 3. Két qua thyc nghiém dugc md ta & Muc 4
va cudi cung 1a két luan.

2 PHUONG PHAP SAI PHAN HU'U HAN
Cho phuong trinh dao ham riéng cap 2 voi hai bién doc lap [8]

oo CouC ) ) =00, ) Q )

thoa diu kién bién Dirichlet M
(. )=06,)C, ) Q
G, lacac hamcho truge, todn trviphan, ( , )la nghiémcua (1), QIlabién ctia Q
Trong mit phang ( , )chomiénchinhatQ: Q={( , ) < < , < < }voiab,cd
1a cac s6 cho trude, Q ndm trén cac duong thing =a, =b, =c, =d. FDM la mét trong nhiing

phuong phap sb thuong duoc sir dung vi tinh don gian va phd dung. Y twong chinh cua phuong phap nay
la chia hinh chit nhat Q thanh M doan theo truc  va  va xap Xi cac dao ham cua phuong trinh (1) st
dung cong thurc sai phan. Trong bai bao nay minh hoa giai PDE bang FDM véi phuong trinh Poisson sau:

Oy U= oy, ) o

(2)
thoa diéu kién bién Dirichlet
(., )= (., ), ) Q , 1lacichamcho trudc.

Khi d6 chung ta x4p xi dao ham cap hai cta phuong trinh Poisson sir dung sai phan trung tdm va bién
d6i ta c6 mot hé gdm (M+1)? phuong trinh véi (M+1)? an. Giai hé nay ta tinh dugc gia tri tai cac nut ludi
cua ludi sai phan.

2.1 Luwédi sai phan va ham lwéi

Uj j+1

Uj_q,f Uy, j
o — e
h;
" Ujj-1
2f—-1 .
hy
X1i—1 X1i X1i+1 Xy

Hinh 1: Luéi sai phan hiru han
Chon s0 tu nhién M>0. Chia mién Q thanh cac 6 lu6i nhu sau:

Chia doan [a,b] thanh M doan bang nhau bdi M+1 diém chia c6 toa do = +(-1) , =—
la d6 dai doan chia, vGii: 1 2> M+1
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Chia doan [c,d] thanh M doan bang nhau béi M+1 diém chia c6 toa do = +(-1) , =—
12 d6 dai doan chia. Mdi diém , tuwong tng v&i mot nat ludi (, ), voii j: 1 2> M+1
Mot ham sb xac dinh tai cac nat ludi goi la ham ludi. Gia tri cia ham ludi tai nit ludi , ky
hiéu  xdc dinh boi :
o= , , Vi jol M+,
Tap Q = { | , Q } goi la tap nut trong
Tap Q@ ={ , | Q } goi 1a tap nuit bién

2.2 Luwgc do sai phin

Tir phuong trinh T SV GRTD P (, ) < <, < < ,d& xipxidaoham cép
hai theo bién  va  tai diém , , ching ta st dung cong thirc sai phan trung tam ta dugc
-2 + -2 +
’ ’ —+— ’ — = 3)

Thay (3) vao (2) va bién d6i thanh dang bai toan sai phan hitu han han

o+ =2+ ) = == “
o= : 1> +1 (%
o= , 12> +1 (6)
= () 1> 41 0
= (), 12> +1 (8)
Tir phuong trinh (4) cho ta mbi quan hé giita o va bdn nat ludi xung quanh cia .. Giai hé phuong
trinh dai sb tuyén tinh (4-8) ta xac dinh dugc gia tri cua ham w1 véi , 1 2> +1.

3 MANG NEURAL TRUYEN THANG MOQT LOP AN PE GIAI PDE (NNM)
3.1 Mang truyén thing mét 16p an.

Nhiéu kién tric khic nhau ctia mang neural di va dang phat trién manh. Tuy nhién nguoi ta di chimg
minh dugc ring mang neural truyén thang mot 16p 4n (single hidden layer feedfordward neural network -
SLEN) c6 thé xap xi mot ham bat ky néu sd nat an va ham truyén duge chon mét cach thich hop [7].

Kién trac SLFN giai PDE véi d nat & 16p nhap, N nut & 16p an va 1 nat & 16p xuét ¢6 thé minh hoa nhu
hinh 2:

Lop Lop Lop
nhap an xuat

/

Hinh 2: Kién tric tiéu biéu ciia mang neural mot 16p an (SLFN) giai PDE
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vei =1 ., ] la ngd vao, 1a véc to trong sd két ndi tir cac niit nhap j dén nut
4n thir m, =] ‘ - ], 1a d6 1éch (bias) cta nut an thir m, 1a vector trong s6 két
noi tr 1op an thu m dén nut xuat , + tich v0 hudng cua hai vecto va , (.)1a ham truyén

(trong nghién ctru nay, tac gia s dung ham sigmoid). Ung v6i mdi vector dau vao  ngd xuat  dugc
xac dinh

= C -+ ©)

3.2 Nghiém PDE sir dung SLFN )
Cho phuong trinh dao ham riéng cap hai voi cé dang tong quat [9]:

,()ouC), () =0, 0 , (10)

thoa diéu kién bién (boundary conditions — BCs) Dirichlete, voi = ( .., ) , () la nghiém
ctia phuong trinh (10) can x4c dinh. Bién cta mién Q ki hiéula Q.

Nghiém ( ) gan dung ctia (10) c6 thé dugc xac dinh bang cach chia ludi mién Q va Q va tim gia tri
cia tai cac nut ludi thudc mién Q = Q; =1,.., .R0 rang viéc tim gia tri u tai cac nit ludi
thudc Q dua vé giai hé phuwong trinh (11)

, ,u =0, Q, (11)

phai thoa diéu kién bién Dirichlet.
Thay vi xac dinh gia tri tai cac nit ludi thude Q bang cach giai h¢ phuong trinh, goi ( C) la
nghiém gén ding cua phuong trinh (14), trong do6 p 1a tham s6 c6 thé dieéu chinh sao cho cuc tiéu ham 101

(12)
= . Coa Coa oy 12
thoa diéu kién bién Dirichlet.

Nghiém gan dang  (, ) duogc xéc dinh sir dung SLFN thoa diéu kién bién Dirichlet c6 the viét
dudi dang tong cua 2 s6 hang [9], trong 6  1a trong s6 cia SLFN duogc thay boi

(. )= O+ ) ¢, ), (13)
trongdé (, , )= ¢ M, (14)
Vél_:[ ll] giétridéuVéoa :[ ’ y ey ]l :[ ’ [ ]l :[ ’ ] R ’ =
[ . ..., ] trongsocua SLFN, (, , ) la ngd xuat cua mang neural, A(x) ham khong chira
trong sO cia SLFN va thoa di€u kién bién Dirichlet, F(x) la ham khong can thoa diéu kién bién Dirichlet.

Trong bai bao nay nghiém gan dung ¢, ) cua (10) dugc xac dinh sir dung SLFN voi thuat toan
lan truyén nguoc dé cyc tiéu ham 16i (12) qua viéc diéu chinh trong s6 , cda mang.

Nhu vay viéc xac dinh nghiém gan dung phuong trinh (10) twong tng voi viéc xdc dinh

¢, . )vei = «c.) = «C )

3.3 Gradient cia ngd xuét dbi véi dau vao, trong s0 ciia SLFN

Dé cuc tiéu ham 13i (12) SLFN duoc huan luyén dé diéu chinh trong s6 ctia mang sao cho véi mdi gia
i tacd G( ) xap xi véi gia tri 0. Mot trong cac tiép can phd bién dé tim ,  thoa diéu kién trén 1a
dya trén giam gradient. Trong d6, ngd xudt ( , , ) va cac dao ham ctia ngd xuat ddi voi ngd vao, cac
trong s6 cua mang can phai dugc xac dinh.
3.3.1 Gradient ngd xuit ddi véi ngé vao ciia SLFN

Xét kién trac mang neural SLFN nhu hinh 2, véi dauvao = [ = .., ] , ngd xudt cia
mang dugc xac dinh
=2 ¢ ) (15)
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voi =5 +
Khi d6 ta co:
_ = + = ) (16)
voi O=-0
Tuong ty voi dao ham bac k ciia O theo bién ngd vao  duoc tinh theo cong thic
= O) (17)
voi = ( ), ¢)ladaoham bac k ctia ham sigmoid

Hon nifa, ta c6 thé d& dang kiém ching [9]

_ O) (1%

véi =] A=Y (19)

3.3.2 Gradient ngd xuét doi voi cac trong s6 ciia SLFN ) )
Dua vao ve trai cong thuc (18) ta thay dao ham cua ngd xuat  doi voi ngd vao tuong duong v mot
mang truyén thang 1 16p an (SLFN). Ngo xuat cua SLFN nay goila ~ vdi SLEN c6 trong so két noi tr

16p nhap &én nit anthtm1a  , d6 dich nat anthtm1a | trong sd két ndi nut an thr m dén ngd xuat
la ham truyén cicnatdn1a ¢ nhuvay =3 ) Khi dé tir cong thire (18) ta co:
- O (20)
_ « ) 3y

3.4 Ciac bude xac dinh nghiém ciia PDE bang NNM véi diéu kién bién Dirichlet
3.4.1 Nghiém phwong trinh Poisson sitr dung SLFN

Pé minh hoa cho viéc xac dinh nghiém cua PDE biang NNM trong bai bao ndy chon phuong trinh
Poisson hai chiéu c6 dang [9] :

L= 0w [0a] [04], (23)
thoa diéu kién bién Dirichlet

© )= ) @)= ()
()

24
(0= () (D= () 4

Nghiém NNM cuia phuong trinh (23) xéc dinh bang SLEN thoa (24) ¢ dang [9]:
(., . )=06, )+ @Q@- ) a-)H)yc. . ) (25)
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voi ( ):(1(— )){( ()+) ()
+(1-
A=) @+ @B+ { () (26)
- ) @+ @

. bé xac dit}h nghiém gén ding (, , ) cuaphuong trinh (23) tham s6 , can dugc diéu chinh
bang cach huan luyén SLFN sao cho ham 13i (27) dat gié tri nho nhat.
C ) C . )
( o ) ) = - Z { + - ( ) )} 5 (27)
(e C )
Vo1 ( ) ) [071] X [071]a - -
(28)

) | , v6i n s6 mau huan luyén mang.

3.4.2 Cac budc xac dinh nghiém NNM sir dung thujt toin hun luyén lan truyén ngwoc
Budc 1. Khoitaonmau =( , ),j=1,...,n.

Budc 2. Khoi tao gi tri ngiu nhién trong s6 mang neural
Budc 3. Tinh gié tri ngd xuat  ctia SLFN theo cong thure (9).
Bude 4. Tinh gia tri cia————2 —C ) theo cong thirc (17), (20-22).
Budc 5. Cép nhat vector trong s6 cua mang theo cong thirc (29).

= -n—( — '),nhéséh()c

. (29)

= L) '), hé so hoc
trong d6 W, ¥1a cap nhat trong s budc lapthek, ( , , , ) laham 18i dugc tinh theo cong
thire (27). ) . ) )
Buéc 6. Neéu ( , , , )< ( hangso duong) nhdy dén Budc 7, nguoc lai quay lai Bude 3

Bu6ce 7. Thay bé trong s6 da tinh & Budce 5 vao cong thire (25) dé tinh nghiém NNM cua phuong
trinh (23). BJ trong so nay s€ dung kiém tra d¢ danh gid nghiém NNM so véi nghiém FDM cua
phuong trinh (23).

4 KET QUA THU'C NGHIEM ‘
Trong phan nay ching toi minh hoa cach xac dinh nghiém NNM cua PDE bang thuét giai da trinh bay
trong muc 3.32 va so sanh véi nghiém FDM. Loi nghiém NNM dugc xé4c dinh :

L6i nghiém NNM = Nghiém gidi tich — Nghiém NNM

Léi nghiém FDM = Nghiém gidi tich — Nghiém FDM (30)
Xét phuong trinh PDE sau
— +— =0 (€19
vi0s =10< <1, véididu kién bién Dirichlet
© )= 2 ,@1 )=o0
(0= 2 ,(.,1)=0 32
Nghiém giai tich cta phuong trinh (30) thoa diéu kién bién Dirichlet (31):
, = — sinh[2 (1 - 2 +sinh[2 (1 - 2 33
( )==Ginh2 @~ )] @ )+sinil2 A= )] @ ) (33)
Dua vao dang nghiém SLFN cua phuong trinh (25), nghiém NNM cua (30) c6 dang:
. )=~ 2+ Q=) a=- ) . )
(34)
Trongdd ( , ) dugce tinh du vao cong thire (26)
(,)=a-) 2 +Q@Q- ) 2 (35)
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u{x1,x2)

Hinh 4: Nghiem NNM  ( , , , ) phwong trinh (25) v6i diéu kién bién Dirichlet (26)
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T8 b

L8i =0 voi nghidm gidi tich

w0t

L&i =0 v&i nghidm giai tich

Hinh 5: Ldi nghiém NNM va nghiém giai tich
(., )= (., , ,)thuoc[-15.10%25.10%]
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Pé xac dinh nghiém gan dung phuong trinh (31-32) giai bang NNM st dung SLFN véi 10 nut an dua
trén thudt toan huan luyén lan truyén nguoc, tap huan luyén cho SLFN dugc chon 121 diém (bang cach
chia ludi [0,1]x[0,1] doc theo , ). Tu d6 xac dinh bd trong s6 (W, ) ctua SLFN va xac dinh duoc

( . , . ).Biéudd nghiém FDM, nghiém NNM, 15i giita nghiém giai tich so voi FDM, 15i giita
nghiém giai tich so vdi NNM cua thyc nghi€m trén dugc thé hién nhu Hinh 3, Hinh 4, Hinh 5, Hinh 6
tuong Ung.

Dua vao hinh 5 cho thay /6i nghiém NNM cia PDE st dung NNM  (, , , ) so véi nghiém giai
tich ( , )thudc doan[-1.5.10%2.5.10%].

Dya vao hinh 6 cho thdy 6/ nghiém FDM cua PDE sit dung FDM so véi nghiém giai tich

( , )col1dithude doan [-2.102, 5x107].

Két qua cho thiy nghiém gan dung PDE giai bing NNM chinh x4c hon nghiém gan ding giai bang
FDM.

5 KET LUAN

Trong bai bao nay, chung t6i trinh bay phuong phap NNM dé giai phuong trinh Poisson hai chiéu véi
diéu kién bién Dirichle str dung mang truyén thang mot 16p an voi thuat toan huén luyén mang lan truyén
nguoc. Cac tham sé ciia SLEN duoc cap nhat theo cong thirc (24) boi mot s6 budc lap. Vi phuong phap
su dung NNM thi nghi¢ém « . . ) cho két qua chinh x4c hon so voi phuong phap FDM. Céc
tham sb can tim cua NNM it hon rat nhleu so v6i viéc tinh gid tri tai cadc nat ludi cua ludi sai phéan s
dung FDM va yéu céu vé bd nh¢ tinh toan it hon han so véi FDM [10] . Phuong phap NNM dé giai PDE
¢6 dang nghiém tong quat co the ap dung cho phuong trinh vi phan, hé phuong trinh vi phan va cac PDE
dang khac [9]. Huong phat trién tiép theo cia nghién ciru 14 sir dung mang tich chap (convolutional neural
network) dé giai PDE nham ting d6 chinh xac nghiém ctia PDE va sir dung mang hoc sau (deep learning)
dé giai cac dang PDE béc cao.
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