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Tom tat. Trong bai béo nay ching ti nghién ctu ciu tric dai s6 cia cac ma repeated-root cyclic va
negacyclic véi do dai 9p° trén F. ¢diy p=5 la s6 nguyén t6. Cu thé chung t6i dua ra phan tich cua

% _1va x°" +1 thanh tich ciia cac nhan tir bat kha quy chun tic trén truong F ., trén co so do xdy
dung cAu tric cua cac ma cyclic, negacyclic, cac ma dbi ngau cua chung va cac ma déi ngau bd sung.

Tu khéa: ma cyclic, ma repeated-root cyclic, ma negacyclic.

1. GIOI THIEU

M4 constacyclic v&i do dai n trén mot truong hitu han F  1a mat ideal cua vanh

. Ma cyclic la

F{x]
n J—
truong hop riéng caa ma constacyclic khi 4 =1, ma negacyclic 1a truong hop riéng ctia mé constacyclic
khi A=-1.

Trong ly thuyét ma hda, cic ma constacyclic néi chung va cac ma cyclic, negacyclic néi riéng déng mot
vai trd v ciing quan trong. Chlng c6 nhiéu tng dung trong k¥ thuat vi chiing duoc mé héa nho cac thanh
ghi dich chuyén. Trong d6 cac ma cyclic duoc nghién ciru nhiéu nhat trong tat ca cac mé, vi chiing d& ma
hoa. Ma cyclic dugc bit diu nghién ctu véi hai bio cao AFCRL nam 1957 va 1959 cua E. Prange. Ké tur
do, dai so ly thuyet ma hoa da dat dugc tién bo Ion trong viéc nghién ciu cac ma cyclic cho ca stra 15i ngau
nhién va stra 15i chum. Nam 1961 cudn sach caa W. W. Peterson da tong hop céc két qua mo rong vé ma
cyclic va dat khudn khé cho phan I6n ly thuyét ngay nay. Nam 1972, cudn sach nay dugc mo rong va xuat
ban chung bai Peterson.va EJ Weldon. Nhiéu I6p ma bao gdm ma Golay, ma nhi phan Hamming va ma
tuong duong véi m@ Reed—Muller 1a ma cyclic hoac dugc maé rong tir mé cyclic.

Vé mit ¢ dién, hau hét cac nha toan hoc tap trung nghién ciru truong hop do dai n cia ma nguyén té cling
nhau véi dic s6 p cua truong F.

Truong hop d6 dai n ciia ma chia hét cho dic sé p cua truong F ta ¢6 cai goi la cac ma repeated-root. Ma
repeated-root lan dau tién dwugc khao sat mot cach tong quat nhat vao nhing nam 1990 boi Castagnoli va
cong su, va van Lint . Ho da ching minh rang cac ma repeated-root cyclic c6 mot cu trdic va tiém can xau.
Tuy nhién, cac nghién ciru da chi ra ring c4c ma repeated-root cyclic t6i wu van ton tai. Ké tir do, vin dé
vé nghién cau cac cau trac dai s6 va khoang cach Hamming cua cac ma repeated-root cyclic va cac ma
constacyclic noi chung, da nhan dugc sy quan tdm ngay cang tang.

Gan day, cac nha toan hoc da thiét 1ap cau tric dai s6 vé da thuc sinh cua tit ca cac ma repeated-root
constacyclic co do dai 2p°,3p°,4p° va 6p° trén L

Trong bai b4o nay ching tdi tap trung nghién ctru, khao st cau triic cia cadc ma repeated-root cyclic va
negacyclic véi do dai 9p° trén F. oday p=5 I s6 nguyén tb. Cu thé chung t6i dua ra phan tich ciia

P —1va x°® +1 thanh tich cua céc nhan tur bat kha quy chuén tic trén truong F .., trén co s¢ do xay

dung cau tric cua cac ma cyclic, negacyclic , cac ma ddi ngau cua ching va cac ma dbi ngau bo sung. Céac
khai ni¢m khong duoc dé cap trong bai b4o xin moi doc gia tim hiéu thém trong céc tai liéu (Williams &
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Sloane, 1998), (Hai, 2012), (H.Q. Dinh, 2014), (San Ling & Chaoping Xing, 2004), (Huffman & Vera,
2003) ma chung toi liét ké trong danh muc tai liéu tham khao.

2. COSOLY THUYET
Pinh nghia 2.1. C duoc goi 1a mot ma c6 do dai n trén bang chir cai A, khi d6 C la mot tap (khac rong)
cactrmé (a,a,,...,a,) trongdo a, € A.C6 thé ki hieu C < A".
Pinh nghia 2.2. C 1a ma tuyén tinh ¢6 d6 dai N néu nhu C 1a mot R—module con cia R". M&i phan
tr cia C duoc goi la mot tir ma.
Pinh nghia 2.3. Mi di ngiu cua cia moét ma C duoc ki hiéu 1a C* 1a tap hop céc tir md ma ching truc
giao vai tat ca cac tir mé trong C.
={xe A" |xy=0,Vy eC}

C duogc goi la ty ddi ngdunéu C=C".

C duoc goi la ty tryc giaonéu C = C*.

C duoc goi laty doc lapnéu C < C.

C duoc goi la tuyén tinh véi ddi ngiu bd sung (LCD code - linear with complementary dual code) néu
CnC* ={0}.

Trong bai bao nay, ching t6i ky kiéu g = p™ 1a lily thira nguyén t6 vai sé nguyénté p>5 vam
1a s6 nguyén duong. Cho F 1a mét truong hitu han, mot phan tu (Xo Xiyeen X, 1)6 F", thanh truot cyclic
7 va thanh trugt negacyclic v dugc dinh nghia nhu sau:

7(Xos Koo X 1) = (X0 X Xgseens X )
va
O(Xgr Xrevos Xy ) = (X0 X X X p )
Mot ma C duoc goi la cyclic néu T(C) = C, va C duoc goi 1a negacyclic néu U(C) =C.Téng

quat hon, néu A 12 mot phan tr khac khong ciia F, thi thanh truot A -constacyclic (A -xoan) 7, trén F"

1a thanh trugt 7, (Xo, Xp,eees X g ) = (AXy 1, %o Xieees X5 )
Ma C dugc goi la A -constacyclic néu 7, (C) = C, nghia 1a néu C déng duéi thanh trugt A -
constacyclic 7, . Tur dinh nghia, khi A =1, cd&c ma A -constacyclic la cyclic, va khi 4 =—1 thi cac ma

A -constacyclic 1a negacyclic.
Ménh dé 2.4. Mgt ma tuyén tinh C véi dg dai n la A -constacyclic trén F néu va chi néu C la ideal cua

F[x] F[x] . T

_— ————— la m¢t vanh chinh, trong do cdc ideal ciia noé dwoc sinh bgi cac nhan ti
n n

<x — /1> <x — ﬂ>

cua X" — A.

Ménh dé 2.5. Déi ngdu ciia mét ma A -constacyclic 1a mgt ma A" -constacyclic.

Ménh dé 2.6. Cho A 1a mét phan tir khac khong cia F va

a(x)=a, +ax+..+a,,X"",b(x)=by +bx+..+b _x""e F[X]

Hon nira,

thi a(x)b(x) =0 trong < il l> khi va chi khi (a,,8,,...,a, ;) truc giaovéi (b,_,b, ,,....b,) va
X

tdt cd cac thanh truot A" -constacyclic cia no.
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Cho R la mét vanh giao hoan, S la mot tap con khac rong cua R, ta ki hiéu linh tir caa S la ann(S)
duoc xac dinh nhu sau: ann(S) ={f | fg =0,vgeS}

D& dang thay rang ann(S) la mot ideal cua R.

Cho f Ia mét da thirc bac k thi da thic nghich dao X f ( x*l) ciia n6 duoc ki higula .
Ménh dé 2.7. Cho A 1a mgt phdn ti ciia F sao cho A% =1. Gid s C la mgt ma A - constacyclic ¢6 do

dai n trén F thi d6i ngau cia C, ki hi¢u 1a C*, chinh 1a ann™(C).

3. CAC KET QUA CHINH
Trong bai bdo nay ching t6i thuc hién khao sat cac ma cyclic va negacyclic véoi do dai 9p°, voi
p>5.Tacd dinh & la can nguyén thay bac P™ —1 ciia don vi sao cho

F.={0,&¢% ..&" 2,7 1 =1
F [X]
Cac ma cyclic vai do dai 9p° 1a cac ideal cuavanh R, = < : :

Cac ma nhu vay duoc sinh boi cac nhan tu cua x*" —1. Do 6 chung ta can phan tich x*P —1
thanh tich cac nhan tir bt kha quy chuén tic. Trong trudng F ., taco

X —1=(x° —1)ps = [(x—l)(x2 + x+1)(x6 +x° +1)Jps .
Trong truong hop p>5 14 s nguyén té va p™ =2(mod9) hay p™ =5(mod 9)thi ta c6 su phan tich
x9—1=(x—1)(x2+x+1)(x6+x3+l)

Chuing toi xét tinh bit kha quy cua da thic  X* + X+1 béng bd dé sau:
B6 dé3.1. Cho p>5 lasé nguyén to va da thic f (x)=x*+x+1e F. [X]. Khi d6 fix) kha quy khi va

chi khi p" El(mod 3). Trong truong hop do:
pm-1 2(p"1)
f(x):( -¢ 3 ] x—& 3

Ch#ng minh. f (X) =X+ Xx+1 kha quy khi va chi khi x*>+Xx+1 c6 nghiém trong lem, khi va chi khi

x® —1 c6 nghiém khac 1 (vi 1 khong phai la nghiém cua f (X)), khi va chi khi ton tai y#1 sao cho
v =1.

Gia sir ton tai y =1 sao cho y° =1 thi cdp ciia ¥ 1a 1 hay 3. Néu cip y la 1thi y=1 mau thuin, vay cap
cia ¥ la 3 nén theo Dinh ly Lagrange suy ra 3] p" —1 (do 0 khong la nghiém cia f (X) nén y thusc
nhom nhan ' va ", 6 p" —1 phintiy) , dodo p" =1(mod 3).

p"-1 2(p"-1)

Néu p™=1(mod3) thi f(x)cé2nghiemé 3 vag 3 .o
Ménh @832, Néu p" =2(mod9) hay p™ =5(mod9) thi f(x)=x*+x+1 labdtkha quy.
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Ching minh. Néu p" =2(mod9) hay p™=5(mod9) thi p" =2(mod 3). Theo B dé 3.1. ta co
f (X)=x*+x+1 labatkhaquy. O

Chuing ta tiép tuc xét tinh bat kha quy cua X® + x3 +1.

Bbd&3.3. Cho f( Z c,x' € K[x] lamét da thirc c6 bdc dwong. Khi dé ton tai mgt trurong phan
raFcia f(X)wén K. Hon nita, néu p: K — K'1amét ddang cu triong va F' 1a mgt trueong phan ra cia

da thic g(X) Z _~(G)X' trén K" thi tén tai mgr ddng cdu ¢: F —F'sao cho g(a) = p(a) véi moi

K{x]

€
la da thirc bdt kha quy nhan ¢ 1am nghiém. Khi do K (a)=K[a] va [K a :K]zdeg( X)) Ngoai

aeK.
Bo6 dé 3.4. Cho E/K 1a mét mé réng truong va o € E 14 phan tir dgai sé trén K. Gid sir p(x)

ra, néu deg(p(x)):n thi S :{1,a,a2,.. } la mgt co so ciia K - khong gian vector K ().
Ménh dé 3.5. Cho p>5 la s6 nguyén t6, g(X)=X"+X’+1 la I da thic trén IFpm[x]. Néu
p" =2(mod9) hay p" =5(mod9) thi g(x)=x°+x>+1 Ia bdt kha quy.

Chizng minh. Ta ¢ ton tai mot truong F chua F  sao cho g(x) phanratrén F. R rang néu o e K 1a
mét nghiém cua g () thi o" =1 véimoi n€{1,2,3,4,5,6,7,8} va o’ =1.

That vay, ta c6 X —1=( (x +x+1)(x6 +x3+1), do d6 « la nghiém cua x° —1 suy ra o =1.
Néu a=1 thi 3.1=0 méau thuan vi p>5.

Néu o’ =1 thi 1=0o° :(az) o =a suyra 1= o mau thuin.

Néu o’ =1thil=a’=0c® suyral=a® ma o® +a®+1=0 suyra 3.1=0 mau thuin.

Néu o’ =1 thi 1=0a° =(a4)2a suy ra a.=1 mau thuan.

Néu o’ =1 thi 1=a’ =a‘a’ suyra a* =1 mau thuin.
Néu of =1 thi 1=0’ =o’a® suy ra a® =1 mau thun.
Néu o’ =1 thi 1=a’ = oa’ suyra o =1 mau thuin.
Néu o® =1 thi 1=0’ =00® suy ra a =1 mau thudn. Vay khing dinh duoc ching minh.
Gia st g(X) kha quy trén F., [X]. Vi deg (g (X)) =6 nén g(X) cé nhan tir bit kha quy béac d

voi d e {1, 2, 3}. Ta xét cac kha nang xay ra nhu sau.

Gia sir g(X) c nhan tir bt kha quy bac 1 thi g(X) c6 nghi¢m « eF,.Vig (0)=1#0 nén
ae IFp . Theo khing dinh trén, o c6 cip 9 trong nhém nhan ]F;;m Vi F;m c6 cip p™ —1 nén theo Pinh
ly Lagrange 9] p™ —1 suy ra p" =1(mod 9). Méu thuan véi gia thiét ciia ménh de.

Gia st g(X) co nhan tir bt kha quy bac 2 q(X) eF, [X]. Taldy aeF l1a mot nghi¢m cua
q(x). pat T = F, [a]= {h(a)l h(x)e F [X]} Theo BO dé 3.4 taco T1a 1 truong chia F , va {La}
lamot co so cua I, - khong gian vecto T. Vi thé Tco p?™ phantt. Vi o= 0 nén a €T . Tir khing dinh

dau ciia chirng minh, ta suy ra cap cua o trong nhdm nhan T 149. Theo Binh ly Lagrange tac6 9] p°™ —
tuy nhién
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Néu p™ =2(mod9) thi p°" —1=3(mod9)
Néu p" =5(mod9) thi p°"—1=6(mod9)
Méau thuan.

Gia st g(X) c6 nhan tir bat kha quy bac 3 q(X)e F, [X]. Taldy aeF la mot nghiém cua
q(x). patT="F, [q] :{h(a)l h(x)e F, [x]} . Theo B dé 3.4 ta c6 T 1a 1 truong chia F , va
{Lao?} 1a 1 cosscia T, - khong gian vecto T. Vi thé T ¢6 p*" phan tir. Vi a#0 nén aeT . Tir
khdng dinh dAu cua ching minh, ta suy ra cp cia o trong nhém nhan T 1a 9. Theo Dinh Iy Lagrange ta
c6 9] p®™ —1, tuy nhién theo gia thiét caa ménh dé:
Néu p" =2(mod9) thi p*" —1=7(mod9)
Néu p" =5(mod9)thi p°" —1=7(mod 9)
Mau thuan.
Nhuvay f(X) labatkhaquy. o
Dé tim s tir ma cua ma cyclic va dbi ngau cia nd ta sir dung 2 b dé sau:
B6 d&3.6. Cho g(X) la da thiic sinh cua mgt ideal cia F, [X]/ (X" —1), khi d6 ma cyclic twong ing
cd sé chiéu 1a k néu bdc cia g(x) la n—k.
B6dé3.7. Cho C lamgt ma tuyén tinh véi do dai n trén truong F,. Khi do:

i. |C| =q"™®) | nghia la dim(C) =log, |C|
ii.  C* lamgt ma tuyén tinh va dim(C)+dim(CL):n
ii. (ct) =c
Pinh 1y 3.8. Cho p>5 lasd nguyénts, ndu p"=2(mod9)hay p" =5 (mod9) thi x** —1 duoc
nhan tix hda thanh cac nhan tiz bat kha quy c6 dang
X —1=(x-1)° (x2 + x+l)p (x°+x° +l)p
Cdc ma cyclic ¢6 do dai 9p° trén Fpm la céc ideal
i j k
C= <(x—1)' (x2 + x+1)J (x6 +x° +l) >

m(9 ps—i—Zj—Gk)

s

véi 0<i, j,k < p°. Méi ma cyclic C nhir vdy chira p tor ma.
Péi ngau cia nd la
s s i S_k
ct :<(x—1)p '(x2+x+1)p ](x6+x3+1)p >

i+2 j+6k) tir ma

né chira p™
Ching minh. Néu p™ =2(mod9) hay p™ =5 (mod9)thi X°—1 duoc nhan tir héa thanh cac nhan tir
bat kha quy c6 dang

X° —1=(x—1)(x2 +x+1)(x6 +x +1)
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A gt N At g o S _ ~ .y N = p* . .
Phén tich thanh nhan tir caa X duya trén co s& rang trong F., [x] thi x*" 7 = (x9 —1) , do do ta co
S_ s pS pS
X = (x-1)" (x2 +x+1) (x6+x3+1) .
Vi céc ma cyclic voi do dai 9p* trén I, [X] 1a céc ideal duoc sinh boi cac nhan tir cua X°" —1 nén ta
thu dugc cac ma cyclic nhu trén.
Ta tim s tir md cla cic mi cyclic c6 do dai 9p° trén F ., Taco s chiéu cua ma cyclic C la

dim(C)=9p° —i—2j—6k. Tir cong thirc |C| = q“™®) voi q=p™ tacé sé tir ma caa ma cyclic C Ia

m(g ps—i—2j—6k)

Vé ddi ngau, ta nhan xét ring (x—1) =—(x—1),(x2 +x+1)* =x2 +x+],(x6 +x° +1)* =x+x°+1.
Nén ta c6
C*=ann(C)

- <(X_1)p5i (x*+ X+1)p57j (X +x° +1)psk>
PAAAS
= <(x—1)ps_i (x*+ x+1)p57j (x0+x° +1)psk>_

T cong thuc dim(C)+dim(Cl):n véi n=9p°, ta c6 sb chiéu cia md cyclic C" Ia

dim(c*) _ m(i+2j+6k)

p . O
Sosanh C va C* taconéu p" =2(mod9) hay p"=5(mod9) thi C=C" néu va chi néu

dim(C*)=i+2]+6k , vay sé tir ma ciia ma cyclic C" 12 \Cl\ =

p° =2i=2j =2k, diéu nay khong thé xay ra vi p Ié. Tir nhan xét nay ta c6 Hé qua sau.

Hé qua 3.9. Vi moi s nguyénts p>5 va p™ =2(mod9) hay p™ =5 (mod9) thi khong ton tai ma
tu d6i ngdu cé chiéu dai 9p°.

H¢ qua 3.10. Vi moi s6 nguyén té p=5 va p" =2(mod9) hay p"™ =5(mod9) thi c6 8 ma cyclic
LCD c6 dg dai 9p° trén F . . Cy thé la

<(x—1)i (x*+ x+1)j (X +x° +1)k>
vi i, j,ke{0, p°}.
Chtiing minh. Taco
CNC*= <(x—1)max{i'ps_i} (3 + x+l)max{j'p g (x°+x° +1)max{k'p _k}>
Vaytaco CNC* ={0} khi va chi khi
p* =max{i, p* —i}=max{j, p° — j}=max{k, p> -k}
Diéu nay tuong dwong vdi i, j,K € {0, ps} . Vay 6 tit ca 8 ma cyclic LCD c6 d6 dai 9p° trén lem .

4. KET LUAN
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Mic du chung t6i di c6 nhitng két qua ban dau v& cdu truc dai s cua cac ma repeated-root cyclic va

negacyclic véi do dai 9P° nhung huéng nghién ciu nay van con rat moi mé va nhiéu khia canh chua dugc
khai théc. Chling t6i mong mudn s& c6 nhiéu két qua tt hon vé linh vuc nay trong twong lai.
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Abstract. In this paper, we study the algebraic structure of repeated-root cyclic and negacyclic codes with
length 9p° over Fpm with p > 5 being prime. In particular, we give the analysis of and the product of the

normal irreducible factors on the field ]Fpm , on the basis of which, we construct the structure of cyclic,

negacyclic codes, their dual codes and dual codes additional.
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