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Tém tit. Trong bai bao niy ching t6i xét bai toan tim ham ngudn cua phuong trinh khuéch tan
9* — Au = f(z). O ddy chung t6i xét dén dao ham cap khong nguyén theo nghia Conformable. Dit lidu
dau vao duoc gia dinh tuan theo md hinh Gassian white noise. Bai toan nay la khong chinh theo nghia
Hadamard. Bang phuong phap udc lugng phi tham s, va phuong phap chinh hoa Tikhonov chiing t61 thiét

1ap dugc nghiém chinh héa dong thoi danh gia duogc sai so.
Tir khéa. Conformable, khuéch tan, khong chinh, chinh héa Tikhonov.

1 GIOI THIEU BAI TOAN
Cho mién khong gian ) C R 1a mién bj chan. Xét phuong trinh khuéch tan khong thuin nhét
0 (z,t) — Au(z,t) = f(z), z€€, (1)
c6 bién Dirichlet véi cac diéu kién thoa
w(z,t) |, =0, te(0,7),
u(z,0) = u(z), x€C,
u(e,T) = g(x), =€,

trong bai bao nay chung t6i xét dén dao ham cap khong nguyén theo bién thoi gian 97 ¢o cdp o € (0,1)
theo nghia Conformable.
Pinh nghia 1. (xem [1, 2]). Cho ham w : [0,00) — R, dao ham Conformable véi cap « € (0,1) dugc dinh
nghia boi
. o ult+et™) —u(t)
0/ u(t) = lim , (2)

c—0 €

véimoi ¢ > 0.V6i (0,,), t, >0 vagidi han lim 0 u(t) ton tai thi

t~>t(J

O'u(t,) = lim 0 u(t).

t

Mg¢énh dé 1 (xem [3, 4]). Cho ham « : (a,00) — R kha vi véi moi ¢ > 0, khi d6

du
u=t""—, aec(01). 3
=S ae ®

C6 nhiéu loai dao ham cép khong nguyén. C6 thé ké dén mot s6 loai dao ham cp khong nguyén: Riemann-
Liouville, Caputo, Conformable, Grunwald-Letnikov, ... Ngay nay cac bai toAn md hinh héa cac hién
tuong, nguoi ta sir dung phuong trinh dao ham cip khéng nguyén trong nhiéu linh vic khoa hoc va k¥ thuat
khéc nhau [5, 6]. Chang han trong héa hoc, ¢é mo hinh hoa sy khuéch tan ciia cc ion trong chat dién phan
thi viéc sir dung phuong trinh dao ham cp khong nguyén s& hiéu qua hon vi do tinh chét phi dia phuong
ctia dao ham cap khong nguyén nén n6 mé ta hién twong tuong tac khong cuc bo giira cac ion tot hon dao
ham c6 dién do ching khong co tinh chét nay.
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Trong Gmg dung, cac ham dir liéu dau vao ching ta khong c0, thay vao d6 ta chi c6 cac gia tri quan sat cua
chung. Do dac diém cua dung cu do, hodc cac yéu t6 moi truong xung quanh, nén cac phép do ludn ton tai
sai s0. trong bai bao nay chung t6i gia sir cAc quan sat co sai sO tudn theo md hinh Gaussian white noise
nhu sau

9 () = g(x) + e W(z), 4)
trong d6 e 1a bién do nhiéu W(x) 1a qué trinh Gaussian white noise. Gia st mé hinh nay ta khong quan sét
tryc tiép, ma duoc quan sat gian tiép thong qua

<g(a50j>:<9730j>+6<W7¢j>7 J=1L..,n, (5)
trong d6 {¢ } 1a co sd truc chuan ciia khong gian Hilbert I7(€2)va W. = (W,e,) tuan theo phan b6 chudn
chinh tac; (g, ¢,) 1a cac bién ngau nhién doc 1ap va cung phan b xac suat (xem [7]).

Bai toan nay la khong chinh (vi pham tinh lién tuc theo dir liéu), vi vy can dua ra phuong phap chinh héa.
C6 nhiéu két qua nghién ctru cho bai toan tim ham nguon cua cac phuong trinh khuéch tan. Trong nhitng
thap ky qua da nhiéu ky thuat chinh héa dugc de xuat cho bai toan xac dinh ham ngudn, c6 the ké dén:
phuong phap Quasi-Reversibility (xem [8]), phuong phap Quasi-Boundary Value (xem [9]), phuong phap
lap Landweber (xem [10, 11]), phuong phap Fractional Landweber (xem [12]), phuong phap chinh hoa
Tikhonov (xem[13, 14]), phuong phap chat cut Fourier truncation (xem [15]). Muc ti€u cua bai bao nay la
timham nguoncua bai toan bang phuong phép Fractional Tikhonov (xem [16, 17]). Theo tim hiéu ctia cac
céc tac gia, chua co két qua ndo vé bai toan nay véi dir liéu nhidu ngau nhién.
2 MOT SO KET QUA SO BOQ
21 Mot s6 khong gian ham
Ky higu (-,-) 1a tich vo huéng trong I*(€2). Ton tai co s6 truc chuan {o.}7 (v, € H () NC™()) cua
I}(Q) thoa

Ap (2) = -Ap (z), T€Q

trong do {)\j}jil la cac tririéng cia A théa 0< 4 <4, <...<4;...va lim A =00, Véi mdi m > 0,

(e, )

<“’90j>2);'

Pinh nghia 2 (xem [7]). Choham g € H™(Q) (i« > 0) c6 d@yn cdc quan sat roi rac(g‘,goy) ,j=1...,n.

dinh nghia khong gian

2

J=1

() = {u € () YA < +oo],

khi d6 H™(Q) 1a khong gian Hilbert voi chuan

ol ., = (X

j=1

Uéc lwong phi tham sé ciia g cho béi

n

J=1
B0 dé 1.Chog € H" () (m > 0), ta cé danh gid
2
— < 2
B9, =95, =€ n(e) + /\m gH @

n(e)

Trong d6 n(e€) .= n phu thugc vao € va théa diéu kién lim n(e) = +oo.
—0*

Chirng minh. Ta nhan thiy ring
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2 > 2
]E gn(() Lz Q) [ 907> + j;l <g’ 80]>
[Zw2 + Z A 2m)\2m g’
j=n+1
<R ZW? — Z X" g,
j=1 ! )\ " j=n+1

VéigiasuW. = (W,¢,) ~ N(0,1), diéu nay nghia 1a Wf — 1. Ta suy ra dugc diéu can chtng minh.
2.2 Céng thirc ciia ham ngudn
Trong muc nay, ching toi gidi thidu nghiém mild ctia bai toan gia tri dau sau
O'u(z,t) — Au(z,t) = f(z), z €
u(z,t)=0, ze€d), te(0,T], (8)
u(z,0) = u (r), z€c
Duing phuong phap tach bién dé tim nghiém ctia (8).Gia st rang « € I7(0,T; I2(2)) ¢6 biéu dién chudi
Fourier nhu sau

u@, )= u (e (@), uw®)= (ul0).e,). ©)
j=1
T (9), tacéd
t
u, (t) = exp (—/\jt“afl)uoy]. + <f, <pj> fs“fl exp (—)\j (t“ — " )ofl)ds. (10)
0
Chot=T va Uy, = 0, ta nhan duoc
T
9,(x) =u(T) = <f, <pj>f5“' exp( (T = “)a_l)dg. (11)
0
Tur (11), ta co
9,¥;
f] — - < .7>
fs“ exp (—)\ (T —s") *1)ds
0
nghia la
e (9:0,) ()
)=~ (12
= fs“ 1eXp(—)\ (" “)ofl)ds
0
2.3 Tinh khéng chinh
Ta dinh nghia toan tir tuyén tinh 7' : I?(2) — I*(2) nhu sau:
00 T
=015 exp(A (T =5 s (£, ), ()
J=1 (13)

K(z,£)f(§)dE

trong do
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0 T

K(z,&) = Z(f 57! exp( (T —s" )ds)g@

=l o
Vi K(x,&) = K(& x),nén T 1atoan tu tu lién hop. Tiép theo ta chirng minh tinh compact cta né. Gia st

ta xac dinh T, nhu sau

= ZN:(f exp( (T — 5" 71)d$) <f, cpj> (pj(x). (14)

D@ dang kiém tra duoc rang 7, 1a mdt toan tit bi chin, hitu han chiéu. Khi d¢, tir (13) va (14) ta co:

7. s =11, = 7;1 ( { s Vexp (A (T —5")a ! )ds)? < f,apj>2 (15)
Xét tich phén
V= f exp (A (T —s")a " )ds,
bang cach dit s* = w, va sir dung phuong phap d6i bién, ta c6
— = f exp(—A, (T —s")a " )ds < %(1 —exp(-ATa)) < Ai (16)
’ )

Két hop (15) va (16), ta co

2 =, 1 2
HTNf_Tf 2 (Q) < Z ; <f’<’0j> )
Jj=N-+1 '

Nghia la

1

“T f N f () < )\_Hf“ﬁ(n)

N

Do do, T o 0 khi N — oco. Vay T la toan tir compact. cac gié tri ky di cho toan tir tuyén

tinh compact tu hen hopT la

AJ. = js”‘l exp( (T —s") )ds a7

0
va trong khdng gian I*(€2), cac vector riéng ¢, lamot co so tryce chuan ctia né. Tir (13),bai toan xac dinh
ham ngudn (1) co thé viét lai dudi dang phwong trinh toan tir
f v =g x (18)
va theo Kirsch ([13]), ta két luan bai toan 1a khong chinh.
Pinh Iy 1. Bai todn xdc dinh ham nguon trén la khéng chinh.
Chirng minh. Ta chon ham g(z) = ¢, (z) (1 <k <n), va ddy cac quan sat tudn theo md hinh ngdu nhién

(9, gp}.) =g, gpj.) + (W, g0j>, (j =1,...,n) . Udc lugng thong ké ciia ham gia tri dau vao

n _gpk +Z

Ta suy ra dugc
2

E = e’n(e).

gn(<) -9 2(Q)

Ham ngudn v6i dit liéu nhidu ngu nhién
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Ta xét

Sai sb giira (@) va f(z) duge cho boi nhu sau

> n ER(W,p )
Bl @ f@],, =2= f ;
-
s exp(=A (T —s")a ')ds
J :
CEW, )

trong do

vi thé ta ¢6 duoc

B f;z,(()(x) — f(z) i > N€.

e — "

Khi d = 2, bang cach chon n(e) =1/¢,taco imEll ¢ =Y ";(m: 0, tuy nhién
14’0 nle

2
{EI(}EHL&)@) — /@) oy o
Ta két luan bai toan x4c dinh ham ngudn 1 khong chinh.
24 Piéu kién 6n dinh ciia ham ngudn
Pinh 1y 2. Gid st rang ham f € H™ (), ta c6
2m
il

2
<C|i, |
Hf Q) — ¢ f H™(Q) g

2’
trong do

C = ‘1 —exp(—AT"a™")

Chirng minh. Dé don gian, ta dat
T

Q@) = fs"_] exp (—)\j(T” -5 )a_l)ds,

0

theo bat déng thac Holder,ta co
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I,

2 (Q)

1 1

<l | gl g
= |Q(/\j»a) [ =1 T = |Q(>\jaa) i
Trong do
2 2
‘Q(A]., a)‘2 = N (1 — exp (—A].T“ 71)) > )\i(l — exp (—)\IT"ofl)) (19)
J J
bat dang thirc nay dan dén
N N "
om = 2m

O R S

Két hop (19) va (20), ta c6

m+1
2 ()

I,

N -2
béing cach dat C = |1 — exp(-A\T"a™)|

‘1 —exp(-\T"a™")

I

m+1 Hé‘

2 ()

ta thu duoc két qua.

3 PHUONG PHAP FRACTIONAL TIKHONOV

Dé thiét 1ap nghiém chinh hoa cho bai toan véi dit lidu dau vao g € I*(€), ta tim cyc tiéu phiém ham

errzi)l(gnz) J\ () HKf g” + ﬁ ”‘f ()
1
trong d6 [(e) la tham s6 chinh hoa, HHE 1a nira chuén c6 trong duoc dinh nghia boi Hv“ = ‘WQ’U voi
’ 2 ()
moi v véi W = (K*K)* " (1/2 < ¢ <1). Bai toan cyc tiéu trén c6 duy nhat nghi¢m thoa
(K" K)© +&I)f = (K*K) ' K*g
St dung phan tich gia tri ky di cho toan tir tuyén tinh compact tu lién hop, ta duogc
= |BO\,a) [ 1
fyo(@) = ' —(9.9)e, (@), —<E<1, (21)
) = e By )
Néu wdc luong cia ¢ la 9,, 18 co
~ | B\,a) ! 1
ft((m): - s gn(ﬂp' QD(ZE), _Sggla (22)
B(e) ]Z:;[,B(e)]2+|B()\,a) 2~< (¢) J> j 2

VA f3(¢) 1a tham s6 chinh hoa.

Tir ddy vé sau, u6e lugng cho H f— f;( )“ ” dugc thiét 1ap boi dinh 1y sau ddy ctia chiing ti va chi ra toc
LON V-t

d6 hoi tu khi lwa chon ph hop cho tham s6 chinh hoa. Dé 1am dugc diéu ndy, ta can bd dé sau
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R A re1w A A 1 7
Bo dé 2. Véi hang s6 z 2>\ va Egggl,taco

G, (2) < B(¢A)B ™. (23)

trong d6 B(&, A) doc lap véi 3,z.

oA 4 B2*

Chirng minh. Vi % < &<, tw(23), gigi phuong trinh Gl/ (2)=0,taco

1 1

7, = A2 1) % %,
Thay z, vao phuong trinh (23), ta thay rang
1
1 ¢ To¢
e [ AT (e —1) %
G <Gl < % | T2

R A » ” N A pY 1 7
Bo dé 3.Gia su hang so z >\ va Egggl,taco

26—m m m

g2 (26726 —m) * A"m*)BE, 0<m <26
e

GQ(Z) = m =

(AQE)\17”*2£ )71/62, m Z 25

Chirng minh. Xem [16].
Pinh Iy 3. Gia sir f € H"(Q)) va g € H' (). Khi dé ta ¢é danh gid

L
E‘f B f:;(() () : C\/GQTL(G) i A21(() HQHQHL (ﬂ(e)) *
28-m m m
(26) (@€ —m) * A m*)|f] . [BEO), 0<m <2,

_|_
AN, [BOF m > 26

, C la hang s6 déc ldp voin(e) va [(e).

/% (1 —exp (—/\IT“a’l))

J

trong do A =

Nhén xét 4. Co mau va tham sé chinh héa dwoc chon sao cho
lim B(e) = 0, liHOl n(e) = 0o
e—0 €—

va
1 1 m

. Toc [ 2 RT T2¢ 2 1s FEERT 2 __
) ) = Hm(3(0) *(n(0)) = BmAO)° = A0 =0.
Co nhiéu cach chon co mdu va tham so chinh hoa thoa diéu kién trén. Mot trong so do co thé chon
nle)=1/ e v tham sé chinh héa B(e) = /)

Chirng minh. Theo bat ding thirc tam gidc, ta c6
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‘f f LZ(“) ‘f B f L2 Q ‘f f L2 Q)
A1 A_r
trong d6
oo | B\, ) [
= T 9 — 959, ) @, (),
A= 2t B < )
va
_ = |B(>‘j7a) ’2\ ! B 1
A, —;1 GO+ | BoLa 1B <g,soj>soj(:v)
Buéc 1. Ta danh gia cho HA s
Tacé
‘B(/\j,a)‘ = )\%(1 —exp(-AT"a ) < )\ij
va
| B\, @) [= (1 —exp(=AT"a™)) (1—exp(-AT "))
do do
2¢-1 2
S
2 - Af 92
HAl () S ; ‘ 2 <gn(() -9 ¢7>
(B +|— (1 —exp(-\T"a"))

sfj !

BTN [T exp(-AT"a )|

<gn((> -9, soj>2

Ap dung bd dé 2, ta duoc

BJA),, <¢ \/6271(6) - Ajm (B . (24)

n(e)

Buére 2.Tiép theo, ta can danh gia

10



Tasuy ra

Trong do
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2

2 ( [BhPFT 2
Al =2\G0rr m0ar ) 0]
< ﬂ(e)] 2
< NN
= 2|50 [0+ 18, !25)] L )
S B [{o0,)F
<
_;([ B+ B, @) ) IB(ATOO N |
S COIE S (X
<
JZ;([ +|BAa|2f) | B, o) P
A < sup| G, (A | Z < %, i
2 (Q) )\ )|
< sup| G, (A | Hf“
G0 < PO
B+ | BO, ) [
_ [BOFA =
[ﬂ(e)]Q/\;E + %(1 — exp(—/\lT”ofl))
Bfmg cach dit A = )\i(l —exp (—)\IT“a_l)) , St dung bo dé 3, ta duogc
26 (e —m) * 4w )5, 0<m <2
G,(\) < (26)

2\

(4N ) B, m > 26

Két hop (25) va (26), ta c6

26m m m
ey (e —m) * am)|f],. (01, 0<m <2
“AQHEZ(Q) =
(=) A, (BOE, m =2

Tiép theo, két hop 2 budc trén, ta co

11
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1

ol (5e)) *

Blf -1,

1
2
/\n(()
2&—m m

(26)7((26 —m) * A "m*)

*(Q

: < C\/ezn(e) +

m

) BO)], 0<m <26

q

H™(Q)

_|_
(AQE/\"Z?QE )71 Hf“H’"(Q) [6(6)]2’ m =26

Chon n(e) =1/ \/Z va tham s6 chinh héa B(€) = €*'™? ta dugc két qua hoi tu.

4 KETLUAN

Trong bai béo ndy chiing toi da thiét 1ap ham ngudn cho bai todn khuéch tan. Vi dit liéu dlu vao b nhiéu theo md
hinh Gausian white noise, bai toan nay 1a khong chinh theo nghia Hadamard. Bang phuong phép chinh héa Tikhonov,
chung t6i da thiet 1ap nghiép chinh héa dong thoi chiing minh dugc su hoi tu.
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RESTORE THE SOURCE FUNCTION FOR THE FRACTIONAL
DIFFUSION EQUATION WITH RANDOM NOISE

NGO NGOC HUNG, NGUYEN DUC PHUONG"
Faculty of Fundamental Science, Industrial University of Ho Chi Minh City, Vietnam
“Corresponding author: nguyenducphuong@iuh.edu.vn

Abstract. In this article we consider the problem of finding the source function of the fractional diffusion
equation 9" — Au = f(x). Here we consider fractional derivatives in the Conformable sense. The input

data is assumed to follow the Gassian white noise model. This problem is ill-posed in the Hadamard sense.
Using the non-parametric estimation method and the Tikhonov regularization method, we establish the
regularization solution and also estimate the error.

Ngay gui bai:17/04/2023
Ngay chap nhdn dang:02/10/2023

13



