Journal of Science and Technology, Vol. 60, 2022

STATIC BENDING ANALYSIS OF FGP L-SHAPE NANOPLATES
RESTING ON ELASTIC FOUNDATION USING FEM BASED ON
NONLOCAL THEORY

TRAN THE VAN, PHAM QUOC HOAY, LE THANH DANH?, AO HUNG LINH,

TRAN TRUNG THANH ?
! Faculty of Mechanical Technology, Industrial University of Ho Chi Minh City
2 Faculty of Mechanical Engineering, Le Quy Don Technical University
Corresponding author: phamquochoa@iuh.edu.vn
DOIS: https://doi.org/10.46242/jstiuh.v60i06.4628

Abstract. This article presents a finite element method for static bending analysis of the functionally
graded porous (FGP) L-shape nanoplate resting on the elastic foundation (EF) using the nonlocal elasticity
theory. The FGP materials with two-parameter are the volume fraction index (k) and the porosity volume
fraction (&) in two cases of even and uneven porosity. The EF includes Winkler-stiffness (ki) and Pasternak-
stiffness (k2). Some numerical results of the proposed method are compared with those of published works
to verify accuracy and reliability. Furthermore, the effects of some elastic foundation factors and material
properties of static bending of FGP nanoplates resting on the EF are studied in detail.
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1 INTRODUCTION

Nowadays, with the sophisticated development of science and technology, the investigation of
nanostructures has been deeply concerned by scientists in the world. They are applied to many fields such
as bio-engineering, nano-electromechanical devices and actuators, etc due to their exceptional mechanical,
thermal, and electrical properties.

In order to calculate for nano-structures, many theories have been proposed such as the modified couple
stress theory [1], the strain gradient theory [2], and the nonlocal theory [3], [4]. Among these theories, the
nonlocal theory is used popularly in the literature for simplicity and accuracy. For example, Li et al. [5]
developed a new nonlocal model to solve the static and dynamic problems for circular elastic nano-solids.
Ansari et al. [6], [7] used nonlocal theory to consider the free vibration of a single-layered graphene plate.
In [7], Arash and co-workers commented about nonlocal theory in modelling carbon nanotubes and
graphene. Farajpouret al. [8] studied thermomechanical vibration of graphene plates including surface
effects by decoupling the nonlocal elasticity equations. Jalali et al. [9] used molecular dynamics combining
with nonlocal elasticity approaches to investigate the effect of out-of-plane defects on vibration analysis of
graphene. In addition, the nonlocal theory employed to investigate the various performances of nanoplates
is also shown in [10].

With analysis of nanostructures resting on EF, some typical work as Wang and Li [11] computed the static
bending of the nanoplates resting on the EF. Narendar and Gopalakrishnan et al. [12] studied the wave
dispersion of a single-layered graphene sheet embedded in an elastic polymer matrix. Pouresmaeeli et al.
[13] investigated the vibration behaviors of nanoplates placed on a viscoelastic medium. Sobhy [14] used
an analytical method (AM) based on nonlocal theory to examine static bending, free vibration, mechanical
buckling, and thermal buckling of functionally graded material (FGM) nanoplates lying on the EF.

The FGP material is a form of FG material with the appearance of internal porosity. Most studies are shown
that the increase of the porosity leads to reduce the stiffness of structures. However, with outstanding
features such as lightweight, excellent energy-absorbing capability, great thermal resistant properties, etc.,
they have been widely applied in many fields including aerospace, automotive industry, and civil
engineering. Some typical works studying FGP structure can be found in the literature [15]-[19]. Recently,
FGP materials have been also used for nanostructures, numerical results on mechanical behavior analysis
of nanostructures are provided in documents [20]-[24]. In these studies, they mainly use analytical methods
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and thus are limited in complex problem models and different boundary conditions. So it motivated us to
develop an efficient numerical method to fill this gap.

From the analysis of the above literature, according to the best of the authors’ knowledge, the static bending
analysis of FGP L-shape nanoplates resting on EF has been not published yet. In this work, we use the
eight-node quadrilateral (Q8) element combining with the nonlocal theory to accurately describe the stress-
strain and displacement field of the FGP L-shape nanoplate resting on the EF. The accuracy and reliability
of the current method are verified by performing an example to compare the obtained results with those
available in the previously published literature. Moreover, the effects of geometry parameters and material
properties on the static bending of FGP nanoplates are examined in detail.

2 GOVERNING EQUATIONS

2.1 The FGP L-shape nanoplates

As it is known, L-shape structures with the advantage of saving space, flexibly arranging components in a
small space. They are being applied in electronic devices such as CPUs, GPUs, etc. In this study, we
consider FGP L-shape nanoplates with geometrical parameters as shown in Fig. 1.

EL

(a) (©

Fig. 1. The FGP L-shape nanoplate resting on the EF.
(a) L-shaped nano-plate, (b) Even porosity, (c) Uneven porosity

The FGP materials with the variation of two constituents and two different distributions of porosity through-
thickness are presented as [25]:

Case 1: P(2)=P, + (P, — P)( +05j §(P+P) )

Case 2: P(2)=P. +(P.— P)( +o5) §(P+P)( ||j @)

with P represents the effective material properties such as Young’s modulus E, mass density p and
Poisson’s ratio v. the Case 1, case 2 are respectively the modified mixture rule for the two components with
even porosity and uneven porosity. Symbols “m” and “C” denote the typical material properties at the
bottom (metal) and top surfaces (ceramic) of the nanoplate, respectively; k is the volume fraction index

while & (£ <1) represents the porosity volume fraction.

2.2 Nonlocal elasticity theory
According to the nonlocal theory, the stress-strain relation is determined by [4]:

(1-4v*)e=Q ©)
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in which: = (g,l)* is a nonlocal factor (0< z<4), | is an internal characteristic length and e, is a

. , L ot 0.
constant, Q is the stress tensor at a point which is calculated follows the local theory, V =— +—is
ox" oy

the Laplacian operator and thus the small-scale effect depends on the atomic and/or molecular
mechanical/electrical/chemical characteristics are taken into account. Note that, when I =0 («=0), the

nonlocal theory will become the classical plate theory.

2.3 The displacement fields

Based on the first-order shear deformation theory (FSDT), the displacement field of the FGP nanoplate is
given by:

u(x,y,z)=uy(x,y)+26,(xy);
V(X Y,2)=Vy (X Y)+ 26, (% Y); (4)
W(X,y,2)=wW,(X,Y).
with ug,v,,w, are the displacement components at the mid-plane (z = 0) along X, y, z-axis; 6,,0, are the
angle of rotation of the middle surface via the y and x-axis, respectively.

2.4 The strain vectors
The strain vector of the plate is defined by [12]:

Eve u, Uo 0,
Ey v, Voy Hy’y
E=18y p=qUy+V, r=3Ugy +Vo, 1 +296,,+6,, 5)
&, W, +Uu, Vou +6, 0
&y W, +V, Wy, +0y 0

Rewritten in shortened form as follows:

0 1
& g, +178
efa]_[er (6
) €
in which
£ u 0,
XX &, . 0,x . XX 0 WO,x + gx
8 =96y & = : & = VO,y 18 = ey.y 82 = W, +6 (Gb)
Y y
u

2.5 The stress-strain relation
Following Hooke’s law, the stress tensor at any point of nanoplates is determined by:

Q=D.zs @)
C C 0
D. 0 11 12 C 0
D=| ° **|;D,= C, O D=7 (8)
02><3 Ds O C44
sym Ce
E vE E
Ch=Cy= (1—V2),C12 = (1—1/2) ;Cos =Cos =Cyy = 2(1+V) ©))

The equation represents the relationship between the internal forces and the deformation components
are written in the form:
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{Ne N, N }=Ag+Be{M, M, M, }=Be+He;{Q, Q,|=A% (10)
where A; B; H; A° are determined as follows
h/2 5 h/2
(A;B;H):J'D &z 22)dz; AS:—ID dz (11)
—h/2 —h/2

2.6 The plate element

We use the eight-node plate element each node has five degrees of freedom (DOF). The nodal displacement
vector can be defined as follows:

d =[d] d; di di di di df dg] (12)
The displacements at the node i (i =1+8) of the element are expressed as
d; = {UOi Voi Woi @y (Dyi} (13)
The displacements field in the plate element is interpolated through the displacement node as
U, =N,d,;v,=N,d.;w, =N, d.; o ¢Xde, =N, d (14)

where N, N, N,,N_,
N, =[NP NP o NP NOTN, =[NP NP .. NP NP ;
N, =[N& NP NP ONPTN, =[N® NS NP NPT (15)
N, =[N® NP .. NP NP
The matrices N (j =1+5)are given by

(1)—[1//, 0 0O o],N2>—[o v, 0 0 0];
N®=[0 0 y, ],N4 =[0 0 0 y; O] (16)
N® [O 0 0 wl.
where y, {; is the Lagrange interpolation function.
The element stiffness matrix is determined by
K, =KP+K! 17
with K?, K! are the element plate stiffness matrix, and the element foundation stiffness matrix,

respectively.
ngj[[sl Bz] {g E’J[B} (BiA'B )jdxdy (18)

in which
K{ = [l (NN, + 2(NT N, + NN, )+ Ko (NTN,, +ND N

N, are the shape functions:

w,X" YW, X w,y w,y w,y W,y

S (19)
+/LI(NWXX WXX+N;|I—VnyWyy+N-\£-VXXNWyy+N-|V:/yy WXX))dXdy
where
N N

u,Xx . PX,X . NW’X + N(px
Bl = Nv,y ' BZ = Ngpy,y 1 B3 = N + N (20)

W,y (4

Nu,X + Nv,y N(px,y + NKPY:X

N=[Nj N N N, N ] (21)
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The element force vector is given as follows: F, =J' p(l— 1V? ) N dS (22)
S
where

N, =[00N, 00,...,00N; 00] (23)
For the static problem:
Kg=F (24)

inwhich K, F, g are the global stiffness matrix, the global force vector, and the global displacement vector.

They are gathered from the element stiffness matrix, the element force vector, and the element displacement
vector.

3 VERIFICATION PROBLEM

In this section, based on the finite element formula established in section 3, the authors code a calculation
program in Matlab software. Then, an example is performed to verify the reliability of the calculation
program.

For that purpose, we consider fully simply supported (FSS) FGM nanoplates with geometry parameters:
a=b=10 nm, h=a/10; and material properties: metal (Al) E;=70 GPa; ceramic (Al.O3) E;=380 GPa, and
v=0.3 is fixed. Herein, dimensionless quantities are introduced by

3 4 2 3
- 1OOE24h W, U:X — @Gxx’ O-:y :@ny, Kl = kla , K2 — k2a , H= EZh - (25)
goa 0,2 0,2 H H 12(1-v7)
Table 1. The displacement and stress of FGM nanoplates resting on the EF (k=0, K2=0).
1=0 u=4

Method K1 " - - "

w Oy w O
[14] 0 2.9603 19.9550 5.2977 35.7108
100 2.3290 15.6991 3.5671 24.0455
Present 0 2.9600 19.8990 5.2971 35.6106
100 2.3288 15.6555 3.5669 23.9791

As exhibited in Table 1, the present results are very in agreement with those of Sobhy [14] using Navier’s
solution. Note that, Navier’s solution can only be applied to nanoplates with simply supported boundary
conditions. From the above example, it is possible to confirm the accuracy and reliability of the calculation
program.

4 NUMERICAL RESULTS

Firstly, the FGP L-shape nanoplates (as Fig. 1) with geometry parameters and material properties as in
section 3. The FGP L-shape nanoplate is subjected to uniformly load po in perpendicular directions. The
deformation field of the FSS FGP L-shape nanoplate is indicated in Fig. 2a. The stresses of A-point with
coordinates (5, 5.625) through the thickness of the FGP L-shape nanoplate is presented in Fig. 2c, 2d. There
is a difference in the stress distribution at a point along the thickness of the nanoplate in two cases because
the stiffness of the nanoplate changes in each case according to different laws depending on the variable z.
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a) The deformation field

b) The top view deformation field
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c) The stress o, at A-point d) The stress o, at A-point

Fig. 2. The deformation and stresses of the FSS FGP L-shape nanoplate
(k=5, £=0.2, u=4, K:=100, K»=10).

4.1 Effect of the volume fraction index k

Secondly, the volume fraction index k gets values from 0 to 100. The FSS FGP L-shape nanoplate with
porosity volume fraction &=0.2, nonlocal factor z=4. The stiffness of foundation: K;=100, K»=10. From

Fig. 3, it can be seen that when k increases lead to the displacement of nanoplates increase due to the
stiffness of nanoplates decrease. We also find that the displacement of the FGP L-shape nanoplate decreases
rapidly when k is in the range 0-20 and the displacement of the nanoplate with porosity distribution in case
2 is smaller than those of case 1 because the stiffness of the case 2 is larger than the stiffness of case 1. This
can be easily obtained when comparing Eq. (1) and Eq. (2).

6.5

—¢— Case 2

0 20 40 60 80 100 ’ 0 1 2 3 4
k "

Fig. 3. The maximum displacement of the FSS  Fig. 4. The maximum displacement of the FSS
FGP L-shape nanoplate versus volume fraction ~ FGP L-shape nanoplate versus nonlocal factor
index k. U.

4.2 Effect of the nonlocal factor p
Next, the authors choose the nonlocal factor in range z =0-+4 with 2 =0is the classical plate. The FSS FGP
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L-shape nanoplate with porosity volume fraction &=0.2, volume fraction index k=5. The stiffness of
foundation: K;=100, K»=10. It can be found that when the nonlocal factor « increases lead to displacement
increase due to the nonlocal factor makes reduce the stiffness of the FGP L-shape nanoplate (see Fig. 4).

4.3 Effect of the stiffness of foundation

Finally, in order to consider the influences of the stiffness of foundation on the static bending of the FFSS
FGP L-shape nanoplate, we change K; from 0 to 1000, and K from 0 to 100 with respect to k=5, £&=0.2,
and nonlocal factor x=4. From the obtained numerical results show in Fig. 5, it is observed that when
increasing K and K; leads to the displacement of nanoplates decrease and thus, the elastic foundation makes
the stiffness of FGP L-shape nanoplates increase. Furthermore, it is found that the Pasternak foundation
supports stronger than the Winkler foundation.

~ 80
K, 100 1000 K

Fig. 5. The displacement of the FSS FGP L-shape nanoplate versus K; and Ko.

5 CONCLUSIONS

In this article, the static analysis of the FGP L-shape nanoplate is studied by using the FEM and nonlocal
theory. From the finite element formulation, the author coded the calculation program by Matlab software.
Checking the reliability of the calculation program and performing the examples to analyze the effect of
parameters on static bending of FGP L-shape nanoplates. From the proposed formulation and the numerical
results, some main remarks are drawn as follows:

- Using the FEM will be convenient in modelling and meshing. Especially, with structures that are not
symmetrical as L-shape.

- The material parameters and the law of porosity distribution significantly affect the static bending of
FGP L-shape nanoplates. Specifically, the increase of volume fraction index k and porosity volume fraction
£ make the reduction of the stiffness of nanoplates and this leads to the increase of displacement and stress.

Conversely, the increase of foundation’s stiffness results in decrease displacement and stress of nanoplates.
In addition, it can be seen that the nanoplates with porosity distribution case 2 is stiffer than case 1.

- Numerical results in the present work are useful for the calculation, design of FGP L-shape nanoplates
in engineering and technologies.

- The present approach can be developed to investigate static bending of the FGP nanoplate with
different shapes.
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PHAN TiCH UON TINH CUA TAM NANO CHU' L PAT TREN NEN PAN HOI
SU DUNG PHUONG PHAP PHAN TU HUU HAN DUA TREN LY THUYET PHI
DPIA PHUONG

TRAN THE VAN!, PHAM QUOC HOA*, LE THANH DANH!, AO HUNG LINH,
TRAN TRUNG THANH?
Khoa Co khi, Truong Pai hoc Cong Nghiép Thanh phé Hé Chi Minh
2Khoa Co khi-Hoc vién Ky thudt qudn sy

Tém tit. Bai bao nay trinh bay phuong phap phan tir hiru han phan tich udn tinh ciia tim nano hinh dang
L vat liéu x6p ¢6 co tinh bién thién dat trén nén dan hoi str dung ly thuyet phi dia phuong (nonlocal). Vat
liéu xOp c6 co tinh bién thién theo chi s6 mii thé tich (k) va chi s6 16 rdng (£) trong hai truong hop phan bd
156 rong “even” va “uneven”. Nén dan hoi bao gdm hai thong s6 12 6 ctirng Winkler (k1) va do cimg Pasternak
(k2). Mot vai két qua sb duogc so sanh voi két qua cua cac cong trinh khac da cong bé dé chimg minh tinh
chinh xéc va tin cdy cua phuong phap dé xuét. Ngoai ra, anh hudng cua cac tham s6 nhu do cimg nen dan
hdi, dic trung vat liéu dén tmg xir udn tinh cua tim nano dat trén nén dan hdi duoc nghién ctru chi tiét trong
phan két qua sb.

Tir khéa. FGP; Ubn tinh; TAm nano; Ly thuyét phi dia phuong.
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