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Tém tit. Qua trinh truyén nang lugng cong hudng doéng vai tro quan trong nhiéu hé vat ly khac nhau ciing nhur
trong hda hoc va sinh hoc. Viéc nghién ctru ban chat cta qua trinh nay ciing nhu kha nang diéu khién n6 1a mot
van de duogc quan tAm rong rai hién nay trong cong dong khoa hoc. Chung ta biét rang, qua trinh burc xa cia cac
ngudn phat lugng tur bi anh hudng bdi moi truong bao quanh. Truyén nang luong cong hudng gitra hai nguyén
tir 1a sy trao ddi kich thich gitra chuing qua trung gian truong dién tir vi thé qua trinh nay c6 thé bi anh hudng
dang ké boi moi truong. Chung t6i khao sat toc do truyén nang lugng cong hudng cua hai nguyén tir duoc dat
bén trong mot kho1 try dién moéi nhiéu 16p. Cu hinh duge xem xét & day ¢ dang phan bd Bragg. Sy phu thudce
ctia toc d6 truyén ning lugng vao khoang cach phan tu bé mit ciing nhu su phu thude vao tan s6 cua photon phat
xa s& duge xem xét. Két qua cho thy, khi cc diéu kién phan xa Bragg dugc thoa, téc do truyén nang luong
dugc tang cudng hodc triét tiéu rat manh.

Keywords. Guong phan bd Bragg, dan song hinh try, Truyén niang lugng cong hudng.

RESONANCE ENERGY TRANSFER BETWEEN TWO ATOMS IN THE PRESENCE OF A
MULTILAYERED-CYLINDRICAL WAVEGUIDE

Abstract. Resonance energy transfer (RET) between quantum emitters is an important process in many different
physical systems, as well as in chemistry and biology. Considering the nature of this process and the potential to
control it is a matter of widespread interest today. We already know that radiative processes of any quantum
emitters are affected by the environment. Resonance energy transfer of two atoms is the exchange of excitation
between them mediated by the quantum electromagnetic field; it can be significantly influented by environment.
We consider the resonance energy transfer rate of atoms positioned inside of a multilayered-cylindrical
waveguide. The configuration studied is a Bragg-distributed mirror type. The dependence of resonance energy
transfer on the distance of the atoms-surface as well as the frequency dependence of the emitted photon will be
considered. The results show that the amplification or annihilation is very strong when the Bragg coditions are
satisfied.

Keywords. Bragg-distributed mirror, Cylindrical waveguide, Resonance energy transfer.

1 MODAU

Truyén nang luong cong huong (RET) 1a mot qua trinh vat 1y co thé bét gap trong nhiéu hé khac nhau. RET la
co ché chinh trong qué trinh quang hop hay trong céc thiét bi quang tir nhu dén LED, nano laser... RET ¢6 nhiéu
trién vong g dung trong cac qua trinh xir Iy thong tin lugng tir, tinh toan lugng tir [1]. Trong chan khong nguoi
ta thuong phén biét hai truong hop: truyén niang lugng phi birc xa & khoang cach gan R/ A <<1 , con duoc goi
1a truyén nang luong Foster, va qua trinh truyén nang lugng & tim xa R/ A >>1thdéng qua trao ddi photon.
Trudng hop thir nhit, truyén nang lugng Foster c6 thé giai thich thong qua tuong tac Coulomb, tdc do truyén ti
1¢ v6i khoang cach theo R™. Truong hop thir hai, truyén ning lugng & tim xa, 1a qué trinh truyén ning luong
thong qua photon, ti 18 theo R [2].

Vi du quan trong nhat vé qua trinh truyén ning luong phi birc xa, con goi 1a truyén ning luong Foster, 14 su
truyén ning lugng giita cac protein trong qua trinh quang hop. Trong qué trinh nay cac phan tir diép luc hap thu
nang luong quang hoc sau d6 chuyén qua mét protein dugc goi 1a trung tdm phan tng. Protein nay sir dung ning
luong dé thyc hién viée tach dién tich khoi bé mit cia mang quang hop [3].

K& tir khi Purcell chi ra rang tdc d6 phat xa photon cua nguyén tu bi anh hudng rat 16n boi moi truong bao quanh
[4], da cho thay c6 thé lgi dung anh huéng cia moi trudng dé diéu khién qud trinh truyén nang lugng. Ly thuyet
luong tir tong quét cho phép mé ta qua trinh truyén ning luong cong hudng khi c6 mat vat chat vi mé c6 céu
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hinh bat ky di dugc xay dung cho truong hop c6 ca hép thy va tan xa cua vt chat [5]. Trong céc hé co chu tric
khac nhau, hé c6 dbi xtng tru 1a cau tric gan gii véi cac ung dung thyc té nhat nhu soi quang hoc, éng carbon
nano, éng dan séng, dinh phuong ... Trudc day, mot so tac gid da xem xét qua trinh nay khi dat cac nguyén ti
trong cung mot mat ct ctia khoi try hai 16p [6]. HE co cAu tric nano cling da dugc xem xét [7], & day cac tac gia
da str dung phlr(mg phap phén tich mode. Uu diém cua phuong phap nay cho phép xem xét dong g0p cua cac
mode mdt cdch dé dang nhung lai khong cho phép xem xét truong hop vat chit c6 tan xa va hap thy. Mdi day
(2018), qua trinh nay cling dugc xem xét trong hé phan xa toan phan [8]. O day, ching t6i xem xét qua trinh
truyén nang luong cong hudng cia hai nguyén tu dat bén trong khdi tru dién moi nhiéu 16p, tap trung vao truong
hop cac nguyén tir dugc dat trén cling mot mit cit ciia khoi try.

Hinh 1: M6 hinh khéi try nhiéu 16p.

2 CACPHUONG TRINH CO BAN

Str dung mé hinh Iy thuyét trong [5] ~chung 61 tién hanh khao sat qua trinh truyen néng luong cong hudng khi
hai nguyén tr duge dat bén trong khdi tru dién moi nhiéu 16p. Ten xo Green cb dién ciia vét chat tin sic va hap
thu bét ky thoa phuong trinh sau [9]

HGF 7, @) =8(F = )] (1)
T 1 - _0)_2 .
H(r) =Vx LF.0) V x 2 e(r,m) 2

H¢ duoc xem xét chira hai nguyén tir hai miic cung chia sé mgt photon bi bao quanh bdi moéi truong vi mo, cd
thé 1a moi truong hap thu va tan sic. Trong cac phép gan ding ludng cuc dién va gan ding séng quay, toc do
truyén xac dinh boi biéu thuc [6]
I (e = 72
w _ | dpG(rp,7y,®)d,, |
70 72
m) |dDGO(rD9rAa(D)dA|
Trong d6 W, la toc d9 truyén nang luong cia hai nguyén tir khi dat trong chan khong. Cac toa d§ 7,7, 1an luot

3)

1a vi tri clia cac nguyén tir nhan (Accepto) va cho (Donor). d, 1a do Ién cua phan tir ma tran
=(I|d ,|u)=(u|d,|I) cta todn tir md men ludng cuc nguyén tir d, gita trang thai trén |u) va trang thai

dudi |l > va o 1a tan s chuyén muc nguyén tir trong tmg.

Khdi try phéan 16p duoc gia thiét c6 d6 day cac 16p bang do day quang hoc, bing 1/4 budc séng
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d, = Ao
! 4Re\/8j(@0)uj(m0)

@, 1a tdm cua ving cam tan so, A4, =27c/ @,.

4)

21 Truyén niing lwong cdng huong khi nguyén tir dit trong méi truong

Khi nguyén tir d4t trong moi trudng vat chét tan sic va hap thy, cac théng s6 vé ciu tric vat chét cling nhu dang

hinh hoc déu chira bén trong ham Green mo ta hé mot cach ty dong thong qua hé s6 dién mdi cua moi trudong va

cac ham vector song M"m; va Nem] . Cac ham nay sé& duoc trinh bay chi tiét trong phan phu luc A. Khi
oMy oMy

nguyén tir d4t bén ngoai khéi tru (16p 1) ham Green xac dinh boi

G(ll)(-' = (D)_g_thz (2 8 )[CIIM(D (h)M’(l)] (—h)

N(]) (h)N'(]) (=h)+ C1 N(l) (h)M'(l) (—h) +Cy M(]) (h)N'(]) (- h)} (5)
Khi nguyén tir dat ¢ 16p trong cung (16p N)

G(NN)(* — (D)_g J‘dhz(2 5! )|:CNNM£1) (h)Ml(l) (=h)

+CHND (h)N(Uf(}:;N(—h)+Cm’ NO (M (~h)+Ci' M (N (—h)} (6)

Trong d6 cac ham vector xac dinh boi (A6) va (A7). i )
Sau khi giai cac phuong trinh truy toan (A9) ta thu dugc biéu thirc twdng minh cua cac hé so phan xa
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3 KET QUA VA THAO LUAN

O day ching t6i xem xét hé voi 16p ngoai cung (16p 1) 1a chan khong c¢6 hé sé dién méi € =1, va céc 16p tha j,
voi j =1 lavat chét c6 hé sb dién moi &, va g, xen ké 14n nhau. Céu trac hinh hoc dang nay cé thé tao ra mot
sw giam nhét truong rit tot. Tir d6, xuyén sudt bai bdo nay doi khi ching t6i s& goi hé nhu 1a mot budng cong
hudng, véi 16p thar N —1 1a tuong trong cung ctiia budng cdng hudng. Viée tinh so cho hé nhicu 16p rat phiic tap,
dua vao tinh don gian cua ham Green cho truong hop budng cong hudng dugc gia thiét 1a phan xa hoan toan
(khong trinh bay ¢ day), cac két qua so cd su trung khép kha tot gitta hai hé, vi thé chiing t6i hoan toan tin tuong
cac két qua thu dugc.

3.1 Moment lwdng cwe nguyén tir dinh phwong theo phwong xuyén tim

Chung t61 gia st moi truong tao nén khéi tru ¢6 do day hiru han va dugc tao nén bai cac 16p Si/SiO; xen k& nhau
v6i hé s dién mdi tuong ing £ =12,25 va ¢=2,25, lam cho tuong ctia budong cong hudng cd kha nang phan
xa tot. Tuy nhién, n6 van cho phép mét lugng hitu han photon thoat ra ngoai.
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Hinh 2: Téc d6 truyén ning lugng cong hudng gitra hai nguyén tir d chudn hoa theo téc do truyén trong chan khong nhu
mot ham ctua goc phuong vi ¢, giita hai nguyén tr, & day ¢, =0. V6i cac khodng cach nguyén tr - bé mat tuong tng
d =0,14, - duong lién nét mau den, d =/, - duong nét dut mau xanh, d =34, - duong chim chim mau do. Ban kinh 16p
trong cuing ctia khéi tru R =3, 24,. Toa d) cia cac nguyéntr p, = p, =R—d . S616p N =9, 16p ngoai cing 1a chan
khong va 4 cap 16p Si/SiO, xen k& nhau. Cac nguyén tir dugc dat trong ciing mt mat cat ngang Oxy cua khdi try.
Dipole nguyén tir dinh phuong theo phuong o .

Trén hinh 2, chiing t6i v& td¢ d6 truyén nang lugng cong huong, két qua tinh sé ciia biéu thire (3), nhu mot ham
d3 chuédn héa theo téc do truyén trong chan khéng & cung khoang cach. Ba duong cong khac nhau tuong ting
v6i khoang cach nguyén tir - bé mit khéi tru d = 0,14, - duong lién nét mau den, d = A, - dudng dit nét mau
xanh, va d =34, - duong cham chdm mau d6. Khi khoéng cach giira cac nguyen tur du nhd (gbc phuong vi tuong
dbi giira cac nguyén tur bé), toc do truyén nang luong tién Ve gia tri trong khong gian ty do, W — 1, diéu nay c6
thé giai thich rang: khi hai nguyén tir qua gan nhau, ching gan nhu khéng nhin thay khoi tru. N6i cach khac, anh
hudng ciia khdi tru 18n céc nguyén tir khong dang ké, vi thé tde d6 truyén ning lugng giita chung giéng nhu khi
& trong khong gian tu do khong ¢ vat chat bao quanh. Cac mode ciia trudng dién tir 4 trung gian twong tac giita
cac nguyén tir. Cac mode ndy ¢ thé chia 1am hai loai: mode truyén phi birc xa (nonradiative) dong vai tro chu
dao & khoang cich gin va cac mode truyén birc xa (radiative) dong vai tro chinh trong qua trinh truyén ning
lugng & khoang cach xa [7]. Cac mode phi bire xa giam theo qui luat ham e mi khi khoang cach tang 1én. Khi
khoang cach hai nguyén tur téng, vai tro cua mode phi birc xa giam, cac mode truyén birc xa dan chiém wu thé
tro lai va lac nay khéi tru s& cho thay 13 vai tro ciia nd. Khi do, cac mode truyén buc xa c6 thé tan xa trén bé mat
khdi tru va giao khoa vé&i nhau din dén su thay d6i ciia toc do truyén W . Khi giao thoa 14 triét tiéu gia tri cua
W s&nho hon 1 va nguoc lai, khi giao thoa 14 ting cudng tdc d6 truyén s& dién ra nhanh hon so véi trong khong
gian tw do W >1. Trén hinh v&, tuong img véi cac gia tri khoang cach nguyén tir - bé mat d = 0,14, - duong lién
nét mau den, va d = A - duong gach dit mau xanh, ta nhan thay c6 nhiing khoang cach giita hai nguyén tir ma
& d6 tée d6 truyén gan nhu bang khong. N6i cach khéc, giao thoa giita cac mode truyén 1a hoan toan triét tiéu.
Trong khi tmg véi gid tri khoang cach nguyén tir bé mit d =34, - dudng chdm chim mau do, toc do truyén gin
nhu dao dong rét it so vdi trong chan khong. Didu nay, vé mat vat 1y co thé giai thich ring: khi khoang cach
nguyén tir - bé mat du I6n, anh hudng cua khdi tru 1én nguyén tir khéng con déng ké. Noi cach khac, anh hudng
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clia sy tan xa cta cac mode truyén trén bé mit khi tru khong con cho tac dung déng ké 1én sy truyén ning lugng
ctia hai nguyén tir. Cac dinh ctia W cho thdy nhiing vi tr1 ma nguyen tir cong hudng tt véi cac mode Vong cua
khdi try (whlsperlng gallery mode). Sy dao dong cua tdc do truyén nang luong gilta cac nguyén tr ¢6 thé giai
thich boi su giao thoa cia cic mode truyén. Cac giao thoa niy ciing ton tai ngay khi cac nguyén tir dat trong
chan khong. Khi c6 mat khoi try, tac dung tan xa ciia khéi tru s& lam ting cudng giao thoa ciia cac mode séng
truyén dan dén sy giao dong manh hon cua tdc do truyén nhu ta c6 thé quan sat thay trén hinh v& (cic dudong
g véi d=0,14, va d=4, ).
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Hinh 3: Téc d(f)‘ tru}{én nang lugng cong hudng giita hai nguyén tir d& chuén hoa theo tdc d6 truyén trong chan khéng nhu
mot ham cua tan so photon phat xa clia nguyén tir. Tuong Gng véi goc phuong vi gitta hai nguyén ta ¢, = 7/6 - duong
lién nét mau den, ¢, = 7/3 - duong nét dat mau xanh, ¢, = 7 - dwong chim cham mau do. Khoang cach nguyén tir bé
mit twong ing d = 4, . Céc thong sb khac nhu trén hinh 2.
Trén hinh 3, ching t6i v& toc do truyén nang lugng, két qua tinh sé biéu thirc (3), nhw mt ham ctia tan sd photon
bt xa ctia nguyén tir. Hinh v& cho thdy véi cdu triic phan 16p ctia khéi tru dugc tao boi cac 16p c6 hé sb dién
moi £=12,25 va £=2,25 lan lugt twong tng vai Si va SiOs. CAu tric nay tao ra mét sy twong phan manh vai
do day cua cac 16p bing d6 day quang hoc nhu cho béi biéu thic (4), mét hé nhu vay thoa didu kién phan xa
Bragg, c6 thé tao ra mot budng cong hudng cé kha nang giam nhét cao. Hinh v& cho thiy trong mot ving tan sb
tir khoang (1,4 +2,7)a,, toc do truyén dao dong quanh gi4 tri so véi trong chan khong cho ca ba truong hop
khoang cach giita hai nguyén tir tvong ting véi ¢, 1an lugt bang 7/6, z/3 va z. Diéu d6 chi ra ring trong
ving tan sé nay, vai tro cua khéi try dong gop khong dang ké. Trong khi d6 hinh vé& ciing cho thiy quanh ving
gid trj cia @, v6i do day cac 16p thoa diéu kién phan xa Bragg, photon bi giam nhét rét tot bén trong khoi try,
tao ra cac giao thoa ting cudng va triét tiéu lam cho céu tric phd nang lugng truyén c6 hinh dang dao dong rat
quyét liét khi khoang cach giita cac nguyén tir ting (cac dudng twong ng ¢, =7 /3 - dudng gach dit mau xanh
va 7 - duong chdm chdm mau do). Nguoc lai, khi khoang céch giita hai nguyén tir bé hon so véi khoang cach
nguyén tir - bé mat (duong lién nét mau den - ¢, =/ 6), nhu di néi & trén, cic mode truyén khong birc xa
(nonradiative) thang thé, cac nguyén tir gan nhu khong “nhin thay” khéi tru. Tdc d6 truyén cuc dai ting 1én c&
vai ngan 1an (ndm ngoai hinh v&) so vdi trong khong gian tu do.
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3.2 Moment lwdng cuc nguyén tir dinh phwong theo phwong Oz

$a

Hinh 4: Tdc d6 truyén nang lugng cong hudng gitra hai nguyén tir da chudn hoa theo tdc do truyén trong chan khong nhu
mot ham cua goc phuong vi ¢, gitra hai nguyén tir, & ddy ¢, =0. Vi cac khoang cach nguyén tir bé mat tuong (ing
d =0,14, - duong lién nét mau den, d = A, - duong nét dut mau xanh, d =34, - duong chim chim mau do. Ban kinh 16p
trong cung ctia khéi try R =3, 24,. Toa do cta cac nguyéntr p, = p, =R—d . S616p N =9, 16p ngoai cing la chan
khong va 4 cap 16p Si/SiO, xen k& nhau. Cac nguyén tir dugc dit trong ciing mot mat cat ngang Oxy cua khdi try.
Dipole nguyén tir dinh phuong theo Oz.

Trén hinh 4, chtng t6i vé toc d6 truyen nang lugng cong hudng gitra cac nguyén tur cho trudng hop dipole nguyén
tir dinh phurong doc theo tryc ddi xtmg ctia khdi tru (truc Oz), cac théng s con lai gidng nhu trén hinh 2. Hinh

v& ciing cho thdy: ddi véi truong hop khoang céch nguyén tir - bé mat bé, d = 0,14, - duong lién nét mau den,
tdc do truyén nang luong (so voi trong chan kh()ng) thap hon so véi khi khoang cch nguyén tir - b& mat d = 4,
- duong dut nét mau xanh. Luuy rang toc do truyén nay 1a toc do twong dbi so v6i truomg hop trong chan khong,

khong phai tde do tuyét dbi. Ngoai ta cac cuc dai cua téc do truyén twong dbi trong truong hop nay ciing thip
hon so véi trudng hop khi céc dipole nguyén tur dinh phuong theo phuong p .
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Hinh 5: Téc d(f)‘ truyén nang lugng cong hudng giita hai nguyén tir & chuén hoa theo tde d6 truyén trong chan khéng nhur
mot ham ctia tan s photon phat xa cua nguyén tir. Tuong ng vdi goc phuong vi gilta hai nguyén tot ¢, =7/6 - duong
lién nét mau den, @, = /3 - duodng nét dot mau xanh, ¢, =7 - duong chim chim mau d6. Khoang cach nguyén tir - bé
mit tuong mg d = 4, . Cac thong sb khac nhur trén hinh 4.

Trén hinh 5, ching ta ciing c6 thé thiy tinh hudng tuong ty nhu trén hinh 3. Tuy nhién, déi véi truong hop khi
khoang cach giita hai nguyén tir gan hon khoang cach nguyén tir - bé mét (¢, = 7 / 6 - dudng lién nét mau den),
& ving tin s6 quanh gia tri o, toc do truyén ciing dao dong déng ké so véi truong hop trong chan khong. Su
khac biét nay gitra hai trudng hop dipole nguyén tir dinh phuong theo phuong p va dipole dinh phuong theo
phuong Oz, ¢6 thé giai thich nhu sau: dbi \fdri truong hop dinh phl}:()ﬂg theo Oz, xu hudng bl'rg xa cua photon
luén theo phuong vuong g(')crvdi bé mat khoi tru. Dié‘u nay thoa di€u kién phan xa Bragg, vi thé p110t0n blic xa
bi tan xa manh bén trong khoi tru nén cac mode truyén birc xa (radiative) s€ cho dong gop dang ké so vdi tinh
hudng dipole dinh phuong theo p. Vi thé cac dong gop do giao thoa va tan xa tao nén céc tdng cudong va trit

tiéu dén dén téc do truyén ciing c6 cu triac dao dong phtc tap.

4 KET LUAN

Két qua sb cho thay tdc dd truyén nang lwong cong hudng dao dong manh khi cic nguyén tir dit bén trong khoi
tru phan 16p thoa diéu kién phan xa Bragg trong ving tin sd quanh gia tri @, do céc giao thoa cong huéng triét
tiéu va ting cudng. Vuot ra khoi viing tan sé nay, diéu kién phan xa Bragg khong con thoa, anh huong ctia khbi
tru 1én cac nguyén tu khong con dang ke tdc d6 truyén ning luong dao dong quanh gi tri trong chan khong.

Anh huong cua khéi try 1én téc d6 truyén ning luong ciia cac nguyén tir rd rang hon khi dipole nguyén tir dinh
phuong theo Oz.

PHU LUC A: HAM GREEN CHO KHOI TRU VO HAN

Ham Green cho h¢ try trai dai t6i v han va ¢6 N 16p da duge rat ra mot cach téng quat [10]. O day chung toi s&
viét ham Green ¢ dang tudng minh dé chudn bi cho céc budc tinh toan sb tiép theo. Gia sir diém nguon duogc dat
6lop s (s=L2,..,N) va diém truong duge dat 6 1op f (f =1,2,...,N), ham Green cho khéi tru nhiéu 16p

thoa nhimg diéu kién bién sau day
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FxGF =fxGYHDS (A1)
L revxeh =L pegUs (A2)
Hy Hr

Dé tim dwoc dang cua ham Green G* chung ta sir dung phwong phép t6 hop céc séng. Ham Green dugc tich
thanh hai phén gém ham Green khong bién (hé vat chat déng nhat chiéu khong gian) G,, va ham Green tan xa
Gl

G (r,1') = Gy (1,18} + G (r,1) . (A3)
Ham Green khong bién G, c6 dang

~n f . oo 0
G, (r,1") __row-r) .f dhz (2=9,)

kvz 872-_00 n=0 77v
MO (WM, (RN (N () e (A9
M, WMDY n+N, WN'D (—h) r<r.
oMl oMl oMls oMl

Thanh ph?in mo ta tan xa do sy cd mét cua hé tru c6 dang

. +oo 0 0
B on L (2-9,)
Gaf(r,r)—gﬂ [ any ==n

n=0 s

+(1—5}V)N§}>mf(h) (1—5})0{;N' ORI sMC'EN '(l)ns(—h)}

+(1-6} )N“) (h) (1—51)C{;M' (—h)+(1—5N)C'{;, M) (—h)}

+(1- 5N)M<1> (h [1 51)Cff,N’ ORI 5N)C'{SVN'(” (- h)}

+-5)M,, (h)[(l ~hChMy (RN Ch ML (|

+(1—5})N (h)[(l 5! c{;N' NCORE sMHC'EN '<1>77S(—h)}

=8N, (0] A=8)CM, | (h+1-6")CM (b |
F=opM,, [a-aIChN,, ha-aChND cnll

trong 6 s va f 1a tht tu clia cac 16p chira ngudn va truong. Chi s6 trén N trong & 13 s6 16p ctia khéi tru.

Cac hé s6 CJ};,Cly... duge xac dinh tir cac diéu kién bién (A1) va (A2) va dugc viét dudi dang nghiém cua céc
phuong trinh hdi quy [10]. Trong biéu thirc ciia ham Green & cong thirc (A5) Mem7 va Nen”f la cac ham co
o™i f o

s& cua song tru, cho boi [11]
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MO ()= Vx| ZP 0 ()™ 7 |
ny

o

nZ ) o 20 ] (A0
= | F ) -0 [
NO () = V[ 20y S 1)
o™iy h2+n%
| (A7)

1|z ) «_ihn . J.

- Jrem s E =20 01 oo P+ 152 ()55 (1) (€
+n
S

Trong céc cong thirc (A6) va (A7), khi nguyén tir & bén ngoai Z'" (m,r,) 1a ham Hankel loai mt, khi nguyén tir

O bén trong Z,El)(njrA) la ham Bessel loai mot. Tririéng 77, va hang s truyén k ; 616p f cbdang
2_,2 2
h” = kf 77f ,

k} = a)zyfef , (A8)

trong d6 4, va &, 1ado tir thAm va hing s6 dién moi & 16p thir /.
D¢ tinh toan so, ta can biét dang tuong minh cua cac hé€ s6 phan xa C trong (AS5). Ching la nghi€m cuia cac
phuong trinh hoéi quy, vdi cac phan cuc TE va TM duoc ki hiéu bdi H va V,

HYV HYV HYV HY
F(f m)} [C(( m)l + 5}+1A1} =Fi") [CS% )+ 5}/12} , (A9)
& ddy cac ma tran cho hé s C 1a
N 1 ~f N N fs
1_6.1" 1—&; Cl HV 1_6.1' 1=d; ClH,V
N 1 ~f N N fs
HY 1=67 1-4; G HYV 1-6r 1-6 €Y HYV
Cr™ = 1 1 fs 1 N ufs ; (A10)
1_6.1‘ 1—&; C3H,V 1_(Sf 1=4; C3H,V
1 1 ~f 1 N fs
1=0p 1-6; G4 HY =0y 1-465 € HV
cac ma tran
1 0 0 0
A 00 A, = 00 (A11)
"o of 2o 1)
00 0 0

va cac ma tran F' cho boi
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_ a[HS) (’7/“»1 )] g (’h“m) a[J " (’7/“'" )} _Sin (”/"m) |
oa,, i a, oa,, Ay,
F, = " o nye) ! A , (Al2a)
) HO (U,-am) T ja[ HY (ﬂjam )] £, (U,-am) T jé‘[Jn (77 G )]
* a oa, - a, oa,,
et ) (”«/am) 0 TP (Uf”m) 0 |
GHO (na,) o[ HD (na,)] () o7, (na.)]
B a, aam N a, aam
g, 0 . . 0
- ijnl(mam) £l (1) )
Tfa[H’(’)(”fam )] _ngfo(rl)(”fam) Tf‘a[‘]n (’7/'“'" )] _ &t (”j“m)
oa,, F a, oa,, ’ a,
I 0 ijjH,gl) (ryjam) 0 7,0, (n(jam) |
voi j=1,2,..,N va m=1,2,..,N—1 la chi s ciia cac 16p va a, la ban kinh ctia khéi try twong tmg véi 16p d6
va
2
7;= gjz%, pj=@. (A13)
J J

Trong (A12a) va (A12b) déu phia trén danh cho ham chin va dau phia du¢i danh cho ham I¢. C4c phuong trinh
(A5) cho ham Green va (A9) cho cac hé s6 phan xa 1a cac phuong trinh tong quat cho hé tru ¢6 s6 16p bat ky.
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